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Dörr for supporting me in all I am doing. I am glad you gave me the opportunity
to study in Göttingen and for letting me do the things I love to do.

Again, thanks to all of you for everything you have done for me!

3



4



Contents

Acknowledgments 3

Contents 5

1 Introduction 9
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3 Structure of this Work . . . . . . . . . . . . . . . . . . . . . . . 13
1.4 Overview of the System . . . . . . . . . . . . . . . . . . . . . . 14

2 Basics and Theory 17
2.1 Action Recognition in Videos Using Semantic Scene Graphs . . . 17
2.2 Efficient Image Segmentation . . . . . . . . . . . . . . . . . . . 20
2.3 Phase-based Optical Flow . . . . . . . . . . . . . . . . . . . . . 22
2.4 Homogeneous Coordinates . . . . . . . . . . . . . . . . . . . . 22

3 Spatial Relations between Image Segments 25
3.1 Window-based Algorithm . . . . . . . . . . . . . . . . . . . . . 25
3.2 Alternative Methods . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3 New Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4 Layer-based Segment Memory 33
4.1 Initialization of Layers . . . . . . . . . . . . . . . . . . . . . . . 34
4.2 Tracking of Segments . . . . . . . . . . . . . . . . . . . . . . . 34
4.3 Estimation of the Homography Matrix . . . . . . . . . . . . . . 38

4.3.1 Point Correspondences . . . . . . . . . . . . . . . . . . 38
4.3.2 Line Correspondences . . . . . . . . . . . . . . . . . . . 40
4.3.3 Solving the Equation . . . . . . . . . . . . . . . . . . . 42
4.3.4 Normalization . . . . . . . . . . . . . . . . . . . . . . . 43
4.3.5 Recognizing Outliers Using RANSAC . . . . . . . . . . . 45

4.4 Extracting Boundary Lines from Segments . . . . . . . . . . . . 47

5



6 CONTENTS

4.4.1 Determination of Border Pixels . . . . . . . . . . . . . . 48
4.4.2 The Parameter Space . . . . . . . . . . . . . . . . . . . 48
4.4.3 Finding Peaks . . . . . . . . . . . . . . . . . . . . . . . 50
4.4.4 Introducing Lines with Orientation . . . . . . . . . . . . 51
4.4.5 Removing Distracting Holes in Segments . . . . . . . . . 53
4.4.6 Line Correspondences in Subsequent Frames . . . . . . . 55

4.5 Transformation of Pixel Maps . . . . . . . . . . . . . . . . . . . 55
4.6 Keeping Layers Up-To-Date . . . . . . . . . . . . . . . . . . . . 57

4.6.1 Adding Data . . . . . . . . . . . . . . . . . . . . . . . 57
4.6.2 Removing Noise . . . . . . . . . . . . . . . . . . . . . . 58

4.7 Detecting Depth Relations of Segments . . . . . . . . . . . . . 60
4.7.1 Basic Idea . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.7.2 Implementation . . . . . . . . . . . . . . . . . . . . . . 63
4.7.3 Gaining Further Depth Relations Using Logic . . . . . . 71

4.8 Improvements of the Layer Method . . . . . . . . . . . . . . . . 76
4.8.1 Detecting Wrong Lines . . . . . . . . . . . . . . . . . . 76
4.8.2 Preventing Error Propagation . . . . . . . . . . . . . . . 80
4.8.3 RANSAC for Skipping Mode . . . . . . . . . . . . . . . . 83
4.8.4 Changing the Layer’s Perspective . . . . . . . . . . . . . 85

4.9 Summary of the Standard Layer Framework . . . . . . . . . . . 86
4.10 Estimating Errors of Layers . . . . . . . . . . . . . . . . . . . . 88

4.10.1 Covariance of the Homography Matrix . . . . . . . . . . 88
4.10.2 Covariance of a Transformed Point . . . . . . . . . . . . 92
4.10.3 Covariance of a Matrix Product . . . . . . . . . . . . . . 94
4.10.4 Computation of the Covariance Using Lines . . . . . . . 101

5 Ascertaining Object Permanence 105
5.1 Re-merging Split Segments . . . . . . . . . . . . . . . . . . . . 105
5.2 Tracking Hidden Segments . . . . . . . . . . . . . . . . . . . . 107

5.2.1 Line-based Correlation Determination . . . . . . . . . . 108
5.2.2 Homography-based Correlation Determination . . . . . . 111
5.2.3 Benefits and Drawbacks . . . . . . . . . . . . . . . . . . 113

6 Results 117
6.1 Keeping Layers Up-To-Date (“Moving Camera”) . . . . . . . . . 118
6.2 Re-merging Split Segments . . . . . . . . . . . . . . . . . . . . 120

6.2.1 “Artificial Splitting 1” . . . . . . . . . . . . . . . . . . . 120
6.2.2 “Artificial Splitting 2” . . . . . . . . . . . . . . . . . . . 124
6.2.3 “Artificial Splitting 3” . . . . . . . . . . . . . . . . . . . 124
6.2.4 “Real Splitting” . . . . . . . . . . . . . . . . . . . . . . 124

6.3 Tracking Hidden Segments . . . . . . . . . . . . . . . . . . . . 134



CONTENTS 7

6.3.1 “Artificial Box” . . . . . . . . . . . . . . . . . . . . . . 134
6.3.2 “Real Box” . . . . . . . . . . . . . . . . . . . . . . . . . 139

7 Conclusion and Outlook 147
7.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
7.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

Bibliography 153

List of Figures 157



8 CONTENTS



Chapter 1

Introduction

1.1 Motivation

In the field of computer vision, the development of algorithms that enable a
robot to comprehend what it sees just as humans make sense of what they
perceive, is an extremely complex task. The raw data obtained using one or more
cameras contains a large amount of data which is inapplicable as input for logic
or learning algorithms. For that reason, recognizing objects and tracking their
movement along the image sequence is one of the main issues in robotics. There
has been plenty of work concerning these topics as shown in section 1.2. Many
algorithms are optimized for tracking specific objects such as cars or humans
in order to recognize certain situations in traffic scenes or interactions between
people. A very common method that allows a robust tracking is the creation
of an appearance model of the target object and then finding a position in the
image that fits this model best.

However, a tracking method for unknown objects cannot rely on any model.
In order to solve this problem, it is useful to find regions of pixels with similar
color which represent cohesive units in the scene. Finding subparts in an image
with similar color values is known as image segmentation.1 This method can also
be used for tracking by maintaining consistent labels of segments in a sequence.
The advantage is that all parts of the image are tracked and not only a predefined
selection of elements. The disadvantage, however, is that the found segments
cannot be seen as an equivalent to real objects: Firstly, it is very probable that
objects are represented by multiple segments, which requires further reasoning
to treat multiple segments as one object or, in other words, one needs to decide
whether two segments correspond to one or two objects. Secondly, ordinary color

1Segmentation in general is dividing and image into subparts with respect to a certain
measure of homogeneity e.g. the similarity of the color.
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10 CHAPTER 1. INTRODUCTION

segmentation is not able to handle occlusions. Particularly, if one segment moves
over another, the segment in the background can split into two parts since they
are not connected anymore on a 2-dimensional level. Obviously, splitting of an
object needs to be dealt with before further working with such an algorithm.

This work presents a layer-based method which extends image segmentation
by ascertaining object permanence [5]. This is done by implementing a segment
memory which stores the shape of each segment independently. In case of an
occlusion the original shape is preserved and splits can be resolved. The content
of each layer is updated during the image sequence so that segments which have
been partially occluded in the initial frame are completed as soon as additional
parts become visible. Since each segment can move, rotate and perspectively
distort, a homography matrix is computed from frame to frame that transforms
the corresponding layer to the current view. For that purpose, optical flow which
provides point correspondences between adjacent frames, and line corresponden-
ces obtained by Hough transform which is being optimized for binary images are
used. The latter requires knowledge about the relative depths of the segments
which is gained by analyzing their relative movements.

Furthermore, correlations between segments are recognized in order to group
them to objects. This enables the system to track completely hidden segments
by observing the visible parts of the object to which they belong. While some
previous works have shown to also be able to handle complete occlusions by
assuming that a hidden object moves similarly to its occluder (see section 1.2),
the presented algorithm handles perspective deformations rather than only affine
motions.

The proposed framework has to be seen as a postprocessing unit that works
with the segmentation results and thereby greatly influences the final results. The
segmentation algorithm itself can be interchanged. However, for this work, the
framework proposed in Abramov et al. [2] was used which performs in real-time.
As a result, the presented framework renders an image segmentation similar to
the input but with partly relabeled segments securing object permanence.

The purpose of this work is not tracking itself but rather to obtain an abstract
description of the scene. As already mentioned, recognizing actions which are
observed by a camera is an intricate topic that cannot be solved by using the pixel
data directly. In fact, a more abstract representation of each frame, and by that,
of the whole sequence is needed. Only then, algorithms that work on a small
number of abstract descriptors (symbols) can be applied. Finding this reduced
representation without prior knowledge of the data (model free) thus represents
a major challenge in cognitive-vision applications. This problem is also known as
the signal-symbol gap [27].

Even though the focus of this work lies on the mentioned tracking problems,
the developed framework is also used for the synthesis of semantic scene descrip-
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tions out of image sequences. The proposed framework can analyze the gained
image segments and derive semantic scene graphs that store the spatial relations
of the segments. Those graphs are then used to classify the observed actions (see
section 2.1). By that, it is possible to find identical actions in different movies
and furthermore recognize objects that play the same role. As this classification
process was published in Aksoy et al. [3], the current study, especially its results
section, is focused on the improvement of segmentation. However, since the spa-
tial relations of segments are partly used by the proposed algorithms providing
object permanence, the derivation of the semantic scene graphs is also part of
this work.

1.2 Related Work

There has been plenty of work on object tracking in image sequences. This section
recapitulates the different approaches for occlusion problems that are known from
the literature.

Pfinder [46] is a real-time system for tracking a single person and interpreting
its behavior. The system uses a statistical model of color and shape to obtain
a 2D representation of the different body parts. Starting with an empty scene
to establish the static background, the system finds hands and head by analyz-
ing the 2D contour of the person entering the scene. The found body parts
are then tracked by measuring the likelihood of each image pixel to belong to
the corresponding model. The system is stable against partial occlusions as it
automatically removes or adds hidden or reappearing body parts.

The Hydra system [16, 15] is able to track several people even when they are
in a groups. A requirement is that each head is part of the group’s silhouette
which is used to create a shape model by using corners of the convex hull and
the projection histogram. It is able to keep track of people in a group with
partial occlusions but has problems with large rotations causing a significant
change of shape. This problem was addressed by McKenna et al. [31] making
strong use of color information (in form of color histograms) rather than shape
in order to create an appearance model. Elgammal et al. [12] also track like
that but divide the body into subparts with their own color histograms for higher
accuracy. Furthermore, they derive, like in my work, a relative depth relation
between objects by including it to the likelihood measurement. Hence, an explicit
reasoning about occlusions is done here.

Khan et al. [23] presented a method that can identify people after complete
occlusion, however only if they moved little and did not change in color.

Many systems, like the ones mentioned, make hard decisions concerning as-
signing consistent labels to the tracked objects, Marques et al. [30] on the con-
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trary take a statistical approach. On top of low level tracking of regions (based
on background separation), a second layer is implemented which manages the
labeling of those regions using a statistical model based on Bayesian networks. It
can handle partial and total occlusions, group mergings and splittings in complex
scenes by always providing the most probable label configuration.

Koller et al. [26] use active contours to track cars on a highway. The track-
ing process is divided into two steps: The movement of each car is assumed to
be linearly approximable by an affine motion, e.g. translation and scaling. The
deformation of the object (due to perspective or occlusion) is independently han-
dled by the active contouring. Since the movement is restricted to a plane (the
street) and the camera is fixed, the depth order of the tracked objects can simply
be derived by comparing their y-coordinates since far away objects are located in
the upper part of the image. By that, occluded parts can easily be ignored in the
shape estimation which improves the results.

All of the mentioned works use a foreground/background segmentation as
a preprocessing step which is known to yield quite robust results. This is done
either by subtracting an image of the raw background or by motion detection
which requires the environment to be more or less static and the camera to be
fixed.

By Papadakis et al. [32] (inspired by [29, 8]), a contour-based method for
tracking multiple objects is proposed that does not assume a static background.
However, a manual initialization of the objects to be tracked is needed. Each
object is assumed to consist of a set of pixels which can be visible or occluded.
In each frame, a prediction of their position in the next frame is made using the
mean velocity of the object’s pixels and a dynamic model. The final tracking is
then realized as a minimization of an energy function using Graph Cuts [7]. The
system can handle even total occlusions as long as the corresponding object fits
the dynamic model.

Most of the above mentioned approaches rely on partial observations which
makes them inapplicable in situations with complete occlusions, especially when
their assumption about small and consistent movements does not hold. By Huang
et al. [20], a framework is proposed that handles occlusions under unpredictable
motions. This is done by assuming that hidden objects still exist in the close
proximity of their occluders. The tracking is divided into two parts: The region-
level finds foreground regions (using background subtraction) and tracks their
movements during the sequence. Each region can contain several objects which
are tracked on the object-level: Each region constrains the admissible location
of the contained objects. In case of occlusion, the corresponding regions merge
to one. The now occluded object can still be tracked by means of the including
region and identified as soon as it becomes visible again. Obviously, hidden
objects within one group have to be well distinguishable by the object model.
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For that reason, the authors include color histogram, spatial distribution and
occlusion relationships into the model.

The aim of the previously mentioned method is similar to that of this work
concerning total occlusions. However, the position of a currently occluded object
is known only to be within a corresponding region, no exact position is provided
by the system. Furthermore, that and all other methods mentioned here only
consider affine movements while assuming that the object’s shapes stay more or
less unchanged. In contrast to my work, they do not explicitly handle perspective
deformations caused by the 3D structure of the objects which is fine though if
the distances to the camera are large enough.

The work of Wang et al. [45] is only weakly related to the classical tracking
problem. However, just like this work, they represent coherently moving regions
of an image sequence by independent layers that are warped over time according
to the velocity map.

Jojic et al. [22] and Tao et al. [42] represent videos as so-called dynamic
layers that can contain non-rigid objects, hence flexible data like the legs of a
walking person. Zhou et al. [50] extend this by explicitly inferring the depth order
of the layers. An essential part of these works is finding the decomposition into
layers and the main intention is using those layers for tasks like postproduction,
e.g. inserting artificial objects into a camera sequence.

1.3 Structure of this Work

Chapter 1 gives an introduction to the topic and an overview of the related work
concerning tracking with occlusions. Chapter 2 includes a short introduction to
action recognition which is a main application of the proposed framework (section
2.3). Moreover, it contains information about the used image segmentation
algorithm (section 2.2) and optical flow estimation (section 2.3) used by the
framework as external modules which means that no modifications are done on
them in this work. Furthermore, a short introduction to homogeneous coordinates
is given (section 2.4) since they play an important role in this thesis.

Before all components of the proposed system are described in detail, an
outline is given in section 1.4. All parts of the layer framework are described in
chapter 4. Its first sections describe the essential parts of the system while section
4.8 introduces some extensions which increase the system’s accuracy. The layer
framework is then used in chapter 5 to recognize segment splittings and to track
hidden segments.

The performance of the system is presented in chapter 6. A conclusion and
an outlook concerning still unsolved problems and possible approaches can be
found in chapter 7.
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1.4 Overview of the System

For a better overview and better navigation through this work, Fig. 1.1 shows
an graphical outline of the system.

The images obtained by a camera are divided into segments by the algorithm
described in section 2.2. Furthermore, optical flow is estimated between subse-
quent frames (section 2.3). The implementations of both modules have to be
seen as independent from the proposed framework and could be replaced by other
algorithms.

The proposed framework is based on storing segments in different layers. For
each new segment, hence for all segments in the initial frame and for any other
segment appearing during the image sequence, a new layer is initialized (section
4.1).

Secondly, the segmentation results are analyzed in order to obtain the spatial
relations of the segments (section 3). Those relations can be represented as a
graph.

Furthermore, for each segment, the boundary lines are established in case
there are any (section 4.4). In case of occlusion, boundary lines found for a
segment can correspond to a foreground object instead of the object of the
segment. The framework has some mechanisms to remove those “wrong lines”
as described in section 4.8.1. Some of them make use of the segment relations.

The established boundary lines and the data obtained by optical flow are used
to estimate, for each segment, a homography matrix between the previous and
the current frame (section 4.3). This transformation is used by the framework to
map the segment memory, thus the corresponding layer, to the current frame as
described in section 4.2. The precision of this transformation estimation depends
on the configuration of the segment’s pixels. Particularly, if the layer contains
lots of pixels that are, due to occlusion, currently invisible in the frame, the
transformation estimate might be erroneous. However, the proposed system
computes the expected deviation in order to establish the range of trustable
values (section 4.10).

During the homography estimation, the framework uses the RANSAC algo-
rithm to find outliers (section 4.3.5) in the optical flow values which is essential
for a stable performance. “Wrong lines” which have not been recognized so far,
are also excluded that way (section 4.8.1).

After the transformation matrices have been established, the framework ana-
lyzes the movements of the layers to obtain their relative depths (section 4.7).
This is done by finding regions that became visible after occlusions or vice-versa.
Both situations have to be caused by an occluder which naturally has to be
above the occluded entity. As soon as the depth relation between two segments
is known, “wrong lines” can easily be ignored in all subsequent frames (section
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4.8.1).
Subsequent to the homography estimation and the computation of the depth

relations, the layers are updated in case new parts of a segment have become
visible (section 4.6.1). Furthermore, with the help of the relative depths, noise
in the layers is removed (section 4.6.2). Besides that, the perspective of a layer
can be changed if it offers better conditions for storing the data (section 4.8.4).

The segment memory given by the layers is used by two high level modules
(“Re-merging split Segments” and “Tracking hidden Segments”). The first rec-
ognizes segment splits and relabels the subparts back to the original segment’s
label (section 5.1). The second module tracks hidden segments by finding correla-
tions to other segments in advance (section 6.3). That way, the hidden segment’s
position is known during occlusion. When it reappears with a new label, it is la-
beled back to its original label. Both modules ascertain object permanence which
is the main goal of this work.

As both high level modules modify the original segmentation, the spatial
relations, which have been computed erlier, have to be updated. The proposed
algorithm (section 3) is able to do this without re-analyzing the segmented image
but by using its internal representation which has been updated during all changes.

The spatial relations, which are represented as a graph, are used as input by
the action classification framework which is developed in the same study group
and shortly described in section 2.1. Other methods could also use the modified
segments map.

This overview shows how the low-level data provided by the camera is step-
by-step becoming more abstract. Although the representing of the scene using
a graph is done very early after the segmentation, the framework completes it
with object permanence by successively obtaining correct boundaries, movement
estimation, relative depth and by remembering segment parts during occlusions.

The gained scene representation is then used to perform a very high level
task, namely action recognition.



Chapter 2

Basics and Theory

2.1 Action Recognition in Videos Using Seman-
tic Scene Graphs

Vision-based action recognition deals with classifying image sequences with re-
spect to their semantic content. In other words, the goal is to understand what
happens in an image sequence and, as a part of that, group together differ-
ent videos that show the same action. Note that the term video also includes
real-time data (live streams) of images since the developed algorithms are also
intended to be used on robots in order to give them the ability to recognize and
execute taught actions. While the field of recognizing e.g. human motion pat-
terns is well established, only few solutions for recognizing manipulation actions
have been proposed so far [44, 40, 24]. The following description is taken to a
large degree from Aksoy et al. [3].

It is long known that raw observation and naive copying are insufficient to
execute an action by a robot. Execution requires capturing the action’s essence.
Humans are – without problems – able to capture “the essence” and recognize
the consequences of their own actions as well as those performed by others.
While the mirror-neuron system is suspected to be involved in this feat [37], it is
until now completely unknown how newborns learn to recognize and imitate and
thereby develop advanced motor skills aiding their cognitive development.

Part of the problem lies in the fact that usually there are many ways to
perform a certain manipulation. Movement trajectories may be different and
even the order of how to perform it may change to some degree. On the other
hand, certain moments during a manipulation will be similar or even identical.
For example, during a manual assembly process certain object combinations must
occur without which mounting would render nonsense.

This points to the fact that at certain pivotal time-points one needs to com-
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prehend specifically the momentarily existing relation between manipulator (hand)
and manipulated object as well as the resulting relations (and their changes) be-
tween objects and object parts.

Some methods for action recognition use object recognition as a preprocessing
step. By that, the action recognition is separated from the vision problem since
it works on the found objects and not on the original images anymore. The
disadvantage of that is that prior object knowledge is needed. Furthermore, this
object knowledge has a large impact on the actions that can be classified. Let
one action be “putting a pen into a pencil case”. In this example, the pen and the
pencil case play the important roles. Another action might be “putting the cap
on the pen”. Here, the pen consists of two parts that have to be distinguished.
Obviously, it depends on the action whether the whole object or subparts need
to be considered.

Furthermore, the same object can play different roles in different actions and
the same action might be compatible with different objects. An example for that
is “putting an object into a container”. It is obvious, that this action can be
performed with many different objects and that they define a common object
class in this action context. Hence, more important than recognizing the actual
object is recognizing its role.

These examples show that entirely separating object from action recognition
limits the capabilities of the system. Furthermore, it has recently been shown in
psychophysical experiments that also action context can facilitate human object
recognition [18], which shows that the human brain also works in such a way.

However, the raw data obtained by cameras contains a large amount of data
which is in general inapplicable as input data for logic or learning algorithms. For
that reason, a model-free scene description is needed which can be derived from
the input images and then be used as input for action recognition.

In Aksoy et al. [3] a novel, model-free encoding scheme for manipulations
is introduced. The so-called “Semantic Event Chain” (SEC) fulfills important
requirements: it is obtainable with sensors, learnable, view-invariant, compressed
and human-comprehensible.

The algorithm proceeds as follows: First, all frames from the movie are seg-
mented by a method like the one described in section 2.2 for a consistent marker-
less tracking of the individual segments. The scene is then represented by graphs
the nodes of which represent segments and the edges their neighborhood relations.
Regarding the whole image sequence, those graphs can change by continuous dis-
tortions like lengthening or shortening of edges, or, more importantly, through
discontinuous changes because nodes or edges can appear or disappear. Such a
discontinuous change represents a natural breaking point: All graphs before are
topologically identical and so are those after the breaking point. Given the graphs
derived from the spatial segment relations, an exact graph-matching method can
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Figure 2.1: Results for the sample action “Making a sandwich”. (a) Original
frames from the left image sequence. (b) Extracted segments for frames of
the left sequence. (c) The dense disparity maps obtained for extracted stereo
segments. The disparity values are color-coded from blue (small) to red (large
disparity values). (d) Final 3D semantic scene main graphs, representing action
primitives. [3]

be applied at each breaking point to extract the corresponding topological main
graph. The sequence of these main graphs thus represents all structural changes
in the scene. Fig. 2.1 shows an example sequence with corresponding main
graphs.

The action recognition is then performed on these main graphs which are
transformed to a table-based format, the mentioned SEC. Note that the shown
image sequence consists of nearly 350 frames but is represented by only 7 main
graphs. For a detailed description of the classification algorithm see [3].

Obtaining the main graphs from an image sequences which contain different
actions as well as different versions of the same action has been a main concern
of the author of this work. The developed method used in [3] for finding the seg-
ment’s neighborhood relations in each frame is presented in section 3. However,
the retrieval of few main graphs from the whole graph sequence requires further
filtering. Besides the removal of flickering segment relations, stereo-vision has
been used to remove connections between segments which are not connected in
the 3D domain – the resulting graphs were called “3D semantic scene graphs”.
This increases the degree of view-invariance of the scene description.

Here we are also confronted with the object permanence problem which is
not covered in [3]: The nodes of the graphs do not necessarily correspond to
real objects and are futhermore not stable against occlusions. Thus, my work
addresses (a) the improvement of the semantic scene description and (b) finding
potential solutions for the object permanence problem.
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2.2 Efficient Image Segmentation

This section describes the framework for efficient segmentation of videos which
is used in this thesis. Parts of this description are taken from Abramov et al. [2],
where the whole system is described in detail.

Image segmentation, i.e. the partitioning of an image into disjoint parts based
on some image characteristics, such as color information, intensity or texture is
one of the most fundamental tasks in computer vision and image processing and
of large importance for many kinds of applications, e.g. object tracking, classifi-
cation and recognition. As a consequence, many different approaches for image
segmentation have been proposed in the last twenty years, e.g. methods based on
homogeneity criteria inside objects of interest, clustering, region-based growing,
graph cuts and mean shift segmentation. One can distinguish between paramet-
ric (model-driven) and nonparametric (data-driven) techniques. If little is known
about the data being segmented, nonparametric methods have to be applied. The
method of superparamagnetic clustering is a nonparametric method which solves
the segmentation problem by finding the equilibrium states of the energy function
of a ferromagnetic Potts model (without data term) in the superparamagnetic
phase [36, 11, 6].

The Potts model [36], which is a generalization of the Ising model [21], de-
scribes a system of interacting granular ferromagnets or spins that can be in q
different states, characterizing the pointing direction of the respective spin vec-
tors. Depending on the temperature, i.e. disorder introduced to the system, the
spin system can be in the paramagnetic, the superparamagnetic, or the ferro-
magnetic phase. In the ferromagnetic phase all spins are aligned while in the
paramagnetic phase the system is in a state of complete disorder. In the super-
paramagnetic phase regions of aligned spins coexist. Blatt et al. (1996) applied
the Potts model to the image segmentation problems in a way that in the super-
paramagnetic phase regions of aligned spins correspond to a natural partition of
the image data [6]. Finding the image partition corresponds to the computation
of the equilibrium states of the Potts model.

Those equilibrium states of the Potts model have been approximated in the
past using the Metropolis-Hastings algorithm with annealing [14] and methods
based on cluster updating, which are known to accelerate the equilibration of the
system by shortening the correlation times between distant spins.

The segmentation framework used in this work performs a real-time model-
free image segmentation on GPUs1 based on a novel parallel method, combined
with real-time phase-based optical flow [35] and stereo [38], executed on GPU as
well, for segment tracking. A detailed description is given in [2].

1Graphical Processing Unit
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(a)

(d)

(b)

(e)

(ñ)

(f)

Figure 2.2: Segmentation of two adjacent frames in a sequence. (a) Original
frame t. (b) Original frame t + 1. (c) Estimated optical flow field from phase-
based method. (d) Extracted segments St for frame t. (e) Initialization of frame
t+ 1 after the spin transfer. (f) Extracted segments St+1 for frame t+ 1. [2]

First, a parallel Metropolis spin relaxation procedure is developed and used
to partition the first image of the sequence into disjoint regions. Then, infor-
mation about pixel correspondences between subsequent frames is obtained via a
phase-based optical flow algorithm applied to the frame sequence, as described in
section 2.3. For pixels in weakly-textured regions, where no optical flow could be
established, the assumption is made that they did not change position between
the current and the next frame.

The initial label configuration for the next frame is then found by translating
all labels according to the derived flow maps. Suppose frame t is segmented and
St is its final label configuration (see Fig. 2.2(d)). The labels can be transferred
from frame t to frame t+ 1 according to

St+1(xt+1, yt+1) = St(x
′
t, y
′
t)

with x′t = xt+1 − ux(xt, yt) and y′t = yt+1 − uy(xt, yt) where ux and uy are the
values obtained by optical flow. Labels which did not obtain an initialization by
that are then given a randomly chosen label between 1 and q.

Once frame t+1 is initialized (see Fig. 2.2(e)), another Metropolis relaxation
process is started in order to fix erroneous bonds. Compared to the number of
iterations in the first frame, this process can be stopped after a short time since
most of the labels are already correct.
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2.3 Phase-based Optical Flow

Since fast processing is a very important issue in the segmentation algorithm
described in 2.2, it uses the GPU-based real-time optical flow algorithm proposed
by Pauwels et al. [35]. This algorithm belongs to the class of phase-based
techniques, which are highly robust to changes in contrast, orientation and speed.
This particular algorithm integrates the temporal phase gradient (extracted from
five subsequent frames) across orientation and gradually refines its estimates by
traversing a Gabor pyramid from coarser to finer levels. The algorithm provides
a vector, at each pixel indicating its motion

u(x, y) = (ux(x, y), uy(x, y)) .

This allows for linking pixels of two subsequent frames t and t + 1 in the image
segmentation algorithm as described in 2.2 and shown in Fig. 2.2(e). Further-
more, the proposed framework uses optical flow to estimate homography matrices
between subsequent frames.

2.4 Homogeneous Coordinates

Many important vector transformations like scaling or rotation are linear with the
property

f(cx1 + x2) = cf(x1) + f(x2) .

When dealing with image coordinates, the mapping is given by

N2 → N2 : x 7→ f(x) .

It is known from linear algebra that those mappings can be expressed by the
product of a 2× 2 matrix and the vector:

f : x 7→Mx .

The columns of this matrix are given by the transformed basis vectors. One advan-
tage of using matrices is that subsequent transformations like (f ◦ g)(x) = f(g(x))
are given by the product of the corresponding matrices:

Mf◦g = Mf ·Mg .

However, the translation, another important transformation, is not a linear func-
tion since it requires a vector addition. Transformations that include translations
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(e.g. rotation around an arbitrary point which consists of translation to the ori-
gin, rotation, translation back to the original position) can only be described by
affine transformations with the form

faff : x 7→ f(x) + t = Mlinx + t , (2.1)

where t is a 2 × 1 translation vector. In euclidean coordinates, this cannot be
expressed by a simple matrix multiplication. Since it is inconvenient to have
two different types of matrix operations, homogeneous coordinates are often
used in computer graphics. They allow us to express affine mappings by matrix
multiplications.

This is achieved by extending the euclidean vectors by an additional coordinate
with value 1:

xeucl =

(
x
y

)
7→ xhom =



x
y
1


 .

Given a homogeneous vector, the corresponding euclidean vector can be obtained
by

xhom =



u
v
w


 7→ xeucl =

(
u/w
v/w

)
.

Note that homogeneous coordinates allow us to express points at infinity by
setting w = 0. This plays an important role in Projective Geometry where all,
even parallel lines have an intersection point.

One important fact is that multiplying a homogeneous vector with a constant
does not change the corresponding euclidean vector. In other words, by using
homogeneous coordinates, points are represented by lines.

A translation can now be expressed by the matrix multiplication



1 0 tx
0 1 ty
0 0 1





u
v
w


 =



u+ txx3

v + tyx3

w


 7→

(
u/w + tx
v/w + ty

)
.

More generally, the matrix of an affine transformation is given by

Maff =



m11 m12 m13

m21 m22 m23

0 0 1


 =

[
Mlin t

t0 1

]

where Mlin is the 2 × 2 matrix corresponding to the linear part of the affine
transformation in (2.1), and t the translation vector.
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Affine transformations allow rotation, scaling, shear, mirror and parallel pro-
jection. Lines are always mapped to lines (not curves) and parallelism is preserved.
In this work, a more general type of transformation is used, the projective trans-
formation or homography. Lines are still mapped to lines but parallelism is not
preserved. By that, perspective transformations can be modeled that describe
the morphing of an object’s projection on the image plane. The corresponding
homography matrix has the form:

Mproj =



m11 m12 m13

m21 m22 m23

m31 m32 1


 .

The transformation matrices can be obtained by point correspondences x↔
x′. It is easy to see that Maff has 6 degrees of freedom, while Mproj has 8. A
method for estimating Mproj is described in section 4.3. There it is shown that
(at least) 4 point correspondences are needed for the estimation.



Chapter 3

Spatial Relations between Image
Segments

The method to classify actions recorded with a camera, that was shortly described
in section 2.1, is based on segmentation. The main idea is that the spatial rela-
tions of those segments behave in a way that is characteristic for the observed
action. Their temporal development might differ in different videos of the same
action, but should have a higher intrinsic similarity compared to completely dif-
ferent actions. Consequently, the first task is to extract the spacial relations
between segments from each frame.

The following possible relations between two segments are defined: No Con-
nection (the segments are not neighbors), Touching (the segments are neighbors)
and Overlapping (one segment is surrounded by the other). While the first two
relations are simple to recognize, the third one is more challenging.

In the following, some simple methods are described. Since they all are too
unstable, a new method is proposed.

3.1 Window-based Algorithm

The old algorithm used by our group is only able to find Touching relations [4].
This is done by moving a window through the image and checking at each step,
if pixels of two or more different segments are located in it (see Fig. 3.1). In this
case, the relations of those segments to each other are set to Touching. After
scanning the whole image, all other pairs of segments are assigned the relation
No Connection.

Given the relations, a graph can be build that has the segment labels as nodes
and in cases of a Touching relation an edge between the respective nodes.

The recognition of Overlapping is exclusively based on the analysis of the

25
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(b) Computed graph

Figure 3.1: Window-based algorithm to find neighbored segments

created graph. If one node has only one edge, it is assumed that the correspond-
ing segment is completely surrounded. Regarding the example in Fig. 3.1, the
segment pair (2, 3) is recognized as Overlapping while the pairs (1, 2) and (1, 4)
are only Touching and (1, 3) and (3, 4) have No Connection.

This example already shows the drawbacks of this algorithm. The relations of
(1, 2) and (1, 4) should be Overlapping because 2 and 4 are completely surrounded
by 1. Since 2 and 4 are connected to other segments, thus their nodes have more
than only one edge, the algorithm fails. Even a more complex analysis of the graph
cannot lead to a correct recognition of the Overlapping relation, which becomes
obvious when looking at the graph. The nodes 1 and 4 hold no information that
could be used to find out, that 1 surrounds 2, but 4 does not. In other words,
swapping the labels 1 and 4 would not cause a topological change of the graph.

3.2 Alternative Methods

Some other methods that try to solve the proposed problem are using the Mini-
mum Bounding Rectangle (MBR) [33]. In doing so, the smallest rectangle that
completely covers a segment is established. All those rectangles are then tested
for Overlapping. Since the MBR is only an approximation of the actual shape,
this will return wrong results when treating slightly more complex segments. Fig.
3.2 shows an example for that.

By approximating the segments e.g. by polygons the accuracy of the method
can be increased. The computational cost also increases, though.
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Figure 3.2: Minimum Bounding Rectangle of two segments

3.3 New Algorithm

The now proposed method works in a different way and provides exact results in
a very short time. The algorithm consists of two parts.

In the first step, the segmented image is scanned horizontally (from left to
right) and vertically (from top to bottom). By doing that, the occurring sequences
i1, i2, ... of segments are recorded. One sequence S can usually be found in
multiple lines (for simplicity, this includes both lines and columns of the image).
This amount nS of lines (not of pixels) is stored in the sequence list

L : (i1, i2, i3, ...) 7→ nS .

The example in Fig. 3.3 contains L((1)) = 185 and L((1, 2, 1, 3, 1)) = 15 and
others. After finding all sequences, the scanning of the image is finished. The
established sequences hold all information that is needed for the next step.

In the second part of the algorithm the sequences are analyzed. The following
two rules can be found:

• “Touching”: Two segments following one right after the other are Touch-
ing, just like 2 and 3 in (..., 2, 3, ...) or (..., 3, 2, ...), since there is no other
segment in between.

• “Overlapping”: (i) If one segment occurs twice in a sequence, all seg-
ments in between are Overlapping with it. For example, 1 surrounds 3
in the sequence (..., 1, 3, 1, ...). In (..., 1, 5, 3, 1, ...), it surrounds even two
segments, namely 3 and 5. (ii) Besides that, such segments that are being
surrounded cannot surround each other. As an example, 5 cannot surround
3 in a sequence like (..., 1, 5, 3, 1, ...) since it would need to occur twice as
described in (i).
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Compressed seq. list:

L : (1) 7→ 185

(1, 5, 1) 7→ 25

(1, 2, 1, 3, 5, 3, 1) 7→ 10

(1, 2, 1, 3, 1) 7→ 15

(1, 2, 4, 2, 1, 3, 1) 7→ 35

(1, 3, 1) 7→ 35

(1, 5, 3, 1) 7→ 40

(1, 2, 1) 7→ 45

(1, 2, 4, 2, 1) 7→ 40

Figure 3.3: Scanning procedure of a segmented image with size 165px× 180px
in order to compute the segment’s spatial relations.

Those rules are applied to all sequences. A pair’s relation that was found in
one of the sequences is not necessarily correct in the context of the whole image.
On top of that, the analysis of two different sequences can provide contradictory
results. That is why a counting matrix is introduced for each of the two rules. Its
elements (i, j) are incremented when the respective relation between segments i
and j was found. This proceeding can be regarded as a voting procedure.

• Ct
i,j 7→ nt: Number of votes for i and j being neighbors (Touching).
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• Co
i,j 7→ no: Number of votes that j is surrounded by i (Overlapping).

Since the Touching relation is not directed, we have Ct
i,j ≡ Ct

j,i. Contrary to
that, Co

i,j is not symmetric.
The analysis of each sequence is independent and works as follows: All el-

ements (i1, i2, i3, ...) of sequence S are copied to a stack one after the other.
During that process, the described rules are applied to the stack as follows.

After an element in has been copied to the stack, the first rule indicates that
this element is Touching the previous one in−1. Since the whole sequence S was
found L(S) times in the image, this corresponds to as many votes. Accordingly,
the counter is increased by

Ct
in−1,in

+= L(S) .

Example: The sequence S := (1, 5, 3, 1), that was found 40 times, is con-
sidered. In the first step, the element i1 = 1 is copied to the stack. Since all
rules require at least two elements on the stack, the algorithm immediately skips
to adding the second element i2 = 5. The first rule indicates Touching for the
pair (1, 5). Hence, Ct

1,5 is increased by L(S) = 40. The same operations are
executed for (5, 3) in the next step.

To fulfill the second rule the previously stored element needs to be checked
whether it is already in the stack. In this case, the elements between this first
occurrence is and in are recognized as having the Overlapping relation with in.
Therefore, the corresponding counter will be updated as follows:

Co
in,j += L(S), ∀j ∈ {is+1, ..., in−1} .

Example: In the same sequence as given in the previous example, the next
element i4 = 1 is added to the stack and Ct

1,3 is incremented by 40 (first rule).
Since i4 occurred earlier (is = i1), for all elements in between, hence i2 = 5 and
i3 = 3, the corresponding counters Co

1,5 and Co
1,3 are increased by L(S) = 40.

The second rule also indicates that those inner elements j do not overlap with
each other, which results in the following update:

Co
jn,jm −= L(S), ∀jn, jm ∈ {is+1, ..., in−1}, n 6= m .

Example: According to that, Co
3,5 and Co

5,3 are decreased by 40.
Next, the inner elements are removed from the sequence. This is essential in

cases of recursive Overlapping situations. The following example for that relates
to the segments 1, 2 and 4 in Fig. 3.3.

Example: Let S := (1, 2, 4, 2, 1) be the regarded sequence. In the fourth
step, i4 = 2 is copied to the stack. After that, the stack contains [1, 2, 4, 2|. By



30 CHAPTER 3. SPATIAL RELATIONS BETWEEN IMAGE SEGMENTS

considering the description given above, Ct
2,4+ = L(S) (first rule) and Co

2,4+ =
L(S) (second rule) is computed. The elements i3 and i4 are then removed
from the stack, which contains after that the elements [1, 2|. The algorithm is
continuing by adding i5 = 1 to the stack. Besides Touching (Ct

1,2+ = L(S)),
Overlapping of (1, 2) is recognized and Co

1,2+ = L(S) is computed. At the end
it is observed that segment pairs (2, 4) and (1, 2) have the Overlapping relation,
however, (1, 4) has No Connection.

Second example: The results of different sequences can be contradictory
as already mentioned. Fig. 3.4 shows an example which includes the sequences
(1, 2, 3, 2, 1) and (1, 2, 3, 1). Due to rule 2(i), it is determined in the first sequence
that 3 is surrounded by 2. However, the second sequence creates votes for the
opposite, since 2 and 3 cannot be Overlapping according to rule 2(i). Therefore,
the corresponding counter gets both incremented and decremented. Its final
value for the example in Fig. 3.4(a) is Co

2,3 = L((1, 2, 3, 2, 1))−L((1, 2, 3, 1)) =
20 − 30 = −10. (Negative values do not have a special meaning, they are
just representing a very low number of hints.) For the example in (b) it is
L((1, 2, 3, 2, 1)) − L((1, 2, 3, 1)) = 85 − 10 = 75. The value of the Touching
counter Ct

2,3 is 70 or 180, respectively.
Once all sequences are iterated, the values in Ct

i,j and Co
i,j are used to com-

pute the final spatial relations of the segments. In order to deal with noise effects,
each counter has to reach a minimum value so that the corresponding relation
becomes valid. Since a big segment can be found in more sequences, the counter
values concerning that segment are higher in general. Moreover, the number of
errors also increases with the segment’s size. That’s why an absolute threshold
cannot be used for this task. Instead, the entries in the counter matrices need to
get normalized. This is done as follows.

In the best case, each entry of the matrix should provide how many votes
compared to the maximum possible votes were found. In order to find a Touching
or Overlapping of (i, j) in a sequence S, both segments obviously have to be found
in the sequence. Note that there can be more than one match for a relation in
one sequence. Let Ni(S) be the number of occurrences of i in S. Then, the
maximum possible number of votes for Touching in this sequence is

ct,max
i,j (S) = Ni(S) +Nj(S)− 1 .

For Overlapping, it is

co,max
i,j (S) = min(Ni(S), Nj(S)) .

The normalized counter matrices are then given by

Ĉt
i,j :=

Ct
i,j

ct,max
i,j

and Ĉo
i,j :=

Co
i,j

co,max
i,j

,
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Figure 3.4: Two examples (image size is 100px×90px) where the sequences give
contradictory results. In this case, the relation of (2, 3) is concerned. By setting
a threshold to a proper value, the relation is recognized as Touching in (a) and
Overlapping in (b). Hence, the threshold has to be set according to the desired
result.
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where ct,max
i,j and co,max

i,j were summed over all sequences S containing i and j.
To save computational time and memory, the simplified normalization

Ĉt
i,j :=

Ct
i,j

min(Ni, Nj)

is used (analog for Co
i,j), where Ni specifies, how often segment i was found in all

sequences. Note that this is not a derivable approximation but an experimental
value that yields good results.

The elements of the normalized counter matrices have to reach a threshold,
so that the corresponding relation is set to True. When analyzing those matrices,
the first thing to check is whether a Touching relation can be found:

Ĉt
i,j

?
> tt .

For the threshold tt ≈ 0.1 a small value is chosen in order to recognize even small
tangencies. In cases of a Touching, Overlapping is checked:

Ĉo
i,j

?
> to ,

where to ≈ 0.95 corresponds to a high value. Only almost complete surroundings
of segments are this way recognized as Overlapping.

The proposed algorithm has the following advantages:

• Effectivity: The algorithm is able to recognize even recursive Overlapping
situations, the previous algorithm was not capable of. Compared to the
methods based on the Minimum Bounding Rectangle, it does not rely on
approximations of the segment shapes.

• Computational efficiency: The line- and column-wise scanning (first part
of the algorithm) can be done in a parallel way by dividing the image into
parts. Furthermore, the analysis of the sequences can be parallelized. For
each thread processing one sequence, independent counter matrices can be
created and merged afterwards, hence there is no need for a shared memory
which is always a plus when dealing with multiple processors.

• Removal of segments: In this work, methods are developed to recognize
and remove erroneous segments, or to relabel them. After that, a re-
computation of the spatial relations becomes necessary. Instead of doing
this in the image domain and reanalyze the frame again completely, those
operations can be done in the sequences. E.g. to delete a segment, it has
to be removed from each sequence. Then, only the analysis of the sequence
has to be redone, while a second scanning of the image (first part) is not
necessary.



Chapter 4

Layer-based Segment Memory

In this chapter, a new approach for a segment memory is proposed. It will be
used later to handle situations of occluded and split segments.

As described in section 2.2, the color-based image segmentation is used to find
homogeneous regions in the image. It is model-free which means that no prior
knowledge about the shape or any other properties of the objects in the scene
is needed. This also means on the other hand that no recognition of physical
objects is provided at that stage. One object can be represented by more than one
segment what is crucial for the action classification method described in section
2.1.

10 20 30
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2

1

2

1

2
3

time/frame

Figure 4.1: In this example segment 2 becomes occluded by 1. An algorithm
is needed to ensure object permanence when the object comes out at the other
side. The standard image segmentation will treat the new segment as a new
object instead of a part of the already known object.

Image segments are computed frame-wise. If one segment becomes occluded
in a later frame, its original shape gets lost. The idea of the proposed algorithms
to overcome this drawback is very simple: The segments are stored in a memory
and maintained when parts are invisible in the camera image.
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4.1 Initialization of Layers

When processing the first frame of an image sequence, for each segment i a copy
Li is created (see Fig. 4.2). These copies are called layers in the following. A
layer is implemented as a two-dimensional array storing boolean values. True
indicates pixels that belong to the corresponding segment while False stands for
empty. In order to save memory, the layers are kept as small as possible: Since
there is no need to store empty regions at the border, the layers are cropped to
a minimum size. As a consequence, the pixel coordinates in the layer arrays are
different from the image coordinates.

In order to be able to change between the coordinate systems, a mapping

Mi : Li → Image

is introduced that, at this stage, only performs a translation (tx, ty) corresponding
to the layer’s offset. By using homogeneous coordinates (see 2.4) this mapping
can be expressed as a matrix

Mi =




1 0 tx
0 1 ty
0 0 1




which will turn out to be very convenient. Since this matrix only contains a
simple shift of the layer with respect to the image origin, this will be denoted as
“placement matrix”.

Note concerning notation: Although layers are implemented as arrays
they will sometimes be treated as sets in this work, since some algorithms can
be described easier using set operations. If the layer L contains binary data, the
corresponding array Larr is of type boolean. Then, in terms of sets, Lset consists
of tuples that refer to coordinates of the array with value True:

Lset = { t(x, y) | ∀Larr
x,y = True}

Since both notations Larr and Lset are equivalent, both will be denoted as L.

4.2 Tracking of Segments

For simplicity, we assume that in the first frame the segments of interest are
completely visible (this assumption will be dropped in section 4.6). Consequently,
their whole shapes are stored in the layers immediately. If one segment gets oc-
cluded in the further development of the scene, the layer still holds fullsegment
information. However, the mappings Mi might be wrong now due to the seg-
ment’s movement. That’s why the algorithm has to track all movements in order
to update the mappings.
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Figure 4.2: For each segment i, a layer Li is created in the first frame. Besides
that, a mapping Mi is defined that maps from layer coordinates to image co-
ordinates. As soon as a segment moves, the corresponding mapping has to be
updated.

Translational Movements

The segmentation does not provide a unique position but only a set of pixels
which represent a segment. The center of weight (COW)

xS =
1

NS

∑

p∈S
p , p ∈ Image ,

is a very simple way to obtain an average position value for a segment, but
it has a big drawback: It is unstable against occlusions as shown in Fig. 4.3.
Since solving occlusions is essential for the proposed system, a different tracking
method has to be chosen.

An option is to use optical flow vectors to estimate the movements of the
segments. The optical flow algorithm (see section 2.3) provides pixel correspon-
dences between subsequent frames. In general, those correspondences are not
given for all pixels of the image, e.g. in regions with no texture. By considering
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Figure 4.3: Using the center of weight (×) for tracking leads to errors in cases of
occlusion because it only takes the visible pixels into accout. In order to obtain
the correct position (×), e.g. optical flow can be used.

only the pixels of one segment, the average optical flow vector can be used as
movement of the whole segment.

Problems with that method arise when shadows are present in the scene. A
shadow moving over an object causes optical flow although the object itself is
static. This effect can be prevented, at least to a certain extend, by considering
the velocity histogram within the segment. Without any shadow, the histogram
has a peak around the actual movement of the segment. If a shadow is present,
there should be two peaks corresponding to the pixels from shadow and outside.
This, of course, requires that there are always enough pixels without shadow.

The histogram is then fitted by the sum of two Gaussian functions. One of
the peaks is assumed as movement of the shadow while the other is assumed
as movement of the segment. In order to choose the right one, both peaks are
compared to the movement of the center of weight.

After the movements tx and ty of segment i between two subsequent frames
n − 1 and n have been obtained, the mapping for the current frame n is then
given by

Mi
n =




1 0 tx
0 1 ty
0 0 1


 ·Mi

n−1.

Note that Mi
0 = Mi for the first frame (n = 0).

Perspective Deformations

Although a stable tracking can be implemented as described, it can only capture
translations but not rotations or perspective deformations. That’s why a more
sophisticated method is needed.
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Figure 4.4: Using homography estimation for tracking allows for treating per-
spective transformations. At least 4 point correspondences are needed, e.g. from
optical flow. The estimated transformation also applies to occluded pixels.

Using homogeneous coordinates, a 3 × 3-matrix can be used to describe all
kinds of transformations that can happen to a segment caused by the three-
dimensional movement of the corresponding object (see Fig. 4.4). This type of
transformation is called projective transformation or homography. Note, that it
is assumed at this point, that all segments correspond to planar objects or, in
other words, do not have a three-dimensional shape.

Given the optical flow inside of a segment, the homography matrix for one
segment between two frames can be computed. At least 4 point correspondences
are needed, but the computation becomes more stable with an increasing number
of correspondences. This computation is described in detail in section 4.3. Wrong
optical flow values caused by errors or shadows are recognized as outliers as
described in section 4.3.5.

The Updating Process

For simplicity, the segment number i will be omitted from now on in all formulas
and all computations are explained for one segment. It is important to note that,
in the real framework, they are also executed for every other segment in the
frame.

Fig. 4.5 shows the update process of the mapping. The matrix Pn corre-
sponds to the transformation between frames n and n− 1 obtained by a homo-
graphy estimation.

To map the layer onto the current frame n, all transformations between the
previous frames have to be taken into account:

Mn = Pn ·Pn−1 · ... ·P1 ·M0

Instead of storing all Pn and do the above computation, the matrix can be
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computed using the previous value

Mn = Pn ·Mn−1 .

4.3 Estimation of the Homography Matrix

As already mentioned, a homography matrix can be obtained from the point
correspondences between two frames. It is also possible to include other geometric
elements, like lines. In [10] was shown that combining points and lines in the
estimation process improves the accuracy of the obtained matrix. However, in this
framework, lines are included for another reason: While the point correspondences
are acquired from optical flow, the lines will be derived from the segmented image
which is described in section 4.4. Hence, two different and independent methods
are combined for a better performance.

This section covers the homography estimation process using point and line
correspondences between subsequent frames. The methods are adopted from
[17, 49, 10, 48].

4.3.1 Point Correspondences

Let x = t(x1, x2, x3) be a point that corresponds to the euclidean coordinates
x1
x3
, x2
x3

. Given the coordinates x′ of these points in the next frame, the goal is to
find a matrix P so that

cx′ = P x︸︷︷︸
v

. (4.1)

Multiplying P with a nonzero constant c does not change the transformation
since parallel vectors in homogeneous coordinates correspond to the same point.
Thus, the matrix has 8 degrees of freedom; x′ and Px =: v are parallel but not
necessarily equal.

Either by using the intercept theorem (see Fig. 4.6) or by expressing the
parallelism of x′ and v by

x′ × v = 0 ,

the following two equations can be derived:

x′2 v1 − x′1 v2 = 0
x′3 v1 − x′1 v3 = 0

(4.2)
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Mn = Pn ·Pn−1 · ... ·P1 ·M0︸ ︷︷ ︸
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mation to frame n

Figure 4.5: The transformation matrix Pn of the segment between frame n and
n − 1 is computed using optical flow. M0 is the matrix that maps the layer to
the first frame. The mapping Mn can then be computed using Pn and Mn−1.
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v1
x′
1

v2x′
2

Figure 4.6: The intercept theorem for parallel vectors v and x′.

The third equation obtained by the cross product, x′2 v3 − x′3 v2 = 0, is linearly
depending on the two equations as it can be computed by subtracting the first
one multiplied with x′3 and the second one multiplied with x′2. As it does not
contain further information, it is usually omitted.

For v we can write

v = Px =



p11 · · · p13

...
. . .

...
p31 · · · p33






x1
...
x3


⇒

v1 = p11 x1 + p12 x2 + p13 x3

v2 = p21 x1 + p22 x2 + p23 x3

v3 = p31 x1 + p32 x2 + p33 x3

.

Then, it is easy to see that equation (4.2) is equivalent to

B p = 0

with p = t(p11, p12, ..., p33) and

B =

[
x′2x1 x′2x2 x′2x3 −x′1x1 −x′1x2 −x′1x3 0 0 0
x′3x1 x′3x2 x′3x3 0 0 0 −x′1x1 −x′1x2 −x′1x3

]
.

(4.3)

Since two equations are gained from one point correspondence x ↔ x′, at
least 4 points are needed to compute the homography matrix with its 8 degrees
of freedom.

4.3.2 Line Correspondences

A line in homogeneous coordinates is given by

l1 x1 + l2 x2 + l3 x3 = 0 ⇔ l · x = 0 . (4.4)

Note that the line equation in euclidean coordinates is n · r − d = 0 where d is
the distance of the line to the origin and n the (normalized) normal vector. It
is obvious that the expression in homogeneous coordinates is a lot shorter and
easier to compute.
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The scalar product in (4.4) can be written as matrix multiplication l·x = tl x.
Let xi be the points on line l. Then, the following can be derived:

tl xi = 0 ⇔ tl P−1 P xj = 0

⇔ tl P−1
︸ ︷︷ ︸

tl′

x′i = 0 ⇒ tl′ x′i = 0.

This result shows that all points xi of line l are on the line l′ in the next frame.
Due to the use of homogeneous coordinates, l′ is only defined up to a constant
factor c:

l′ = c tP−1 l ⇔ c l = tP l′︸︷︷︸
k

In the last step, the vector l that belongs to the current frame is brought to the
left side contrary to (4.1), where x′ is at this place. The reason for this choice is
that, otherwise, the inverse of tP would have to be computed in the later steps.
Apart from this difference, the next steps are analog to those in section 4.3.1.

For k we can write

k = tP l′ =



p11 · · · p31

...
. . .

...
p13 · · · p33






l′1
...
l′3


⇒

k1 = p11 l
′
1 + p21 l

′
2 + p31 l

′
3

k2 = p12 l
′
1 + p22 l

′
2 + p32 l

′
3

k3 = p13 l
′
1 + p23 l

′
2 + p33 l

′
3

.

Since l and k are parallel

l2 k1 − l1 k2 = 0
l3 k1 − l1 k3 = 0

(4.5)

which is equivalent to

B̄ p̄ = 0

with p̄ = t(p11, p21, p31, ..., p33) and

B̄ =

[
l2l
′
1 l2l

′
2 l2l

′
3 −l1l′1 −l1l′2 −l1l′3 0 0 0

l3l
′
1 l3l

′
2 l3l

′
3 0 0 0 −l1l′1 −l1l′2 −l1l′3

]
.

Note that p̄ includes the elements of the transponated matrix tP, while
in the derivation in section 4.3.1 vector p was used. In order to combine the
computation for lines and points, a matrix B which is compatible to p instead
of p̄ is needed. By rearranging the elements of B̄, the matrix

B =

[
l2l
′
1 −l1l′1 0 l2l

′
2 −l1l′2 0 l2l

′
3 −l1l′3 0

l3l
′
1 0 −l1l′1 l3l

′
2 0 −l1l′2 l3l

′
3 0 −l1l′3

]
(4.6)

is obtained. Now, (4.3) and (4.6) can be used to define one single system of
equations to compute P.
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4.3.3 Solving the Equation

To get p and by that the transformation matrix P, a solution for all equations

Bi p = 0 (4.7)

for line and point correspondences needs to be found. Let A be the matrix with
dimension 2n×9 that consists of all Bi stacked on top of each other. If exactly 4
point/line correspondences (thus 8 equations) are given, A has rank 8 and thus
has a one dimensional null-space.1 One eigenvector provides the solution for p
up to a scaling factor.

This does not change if the system gets overdetermined which means more
than 4 correspondences are available. However, if those correspondences are
inexact due to noise, this is not true anymore and no exact solution can be
found. In this case it is necessary to find an approximate solution for p that
minimizes the cost function given by

n∑

i=1

(Bip)2 =
n∑

i=1

tp tBiBip = tp

(
n∑

i=1

tBiBi

)

︸ ︷︷ ︸
C

p .

The minimal solution is given by the eigenvector that corresponds to the smallest
eigenvalue of matrix C.

Since each Bi can origin either from lines or points, it might be useful to add
a factor that depends on the kind of correspondence:

αi =

{
a if i is point correspondence
1 else

Then, C is given by

C =
n∑

i=1

αi
tBiBi .

If a is set to a value smaller than 1, line correspondences become more
important in the computation compared to point correspondences. Since a line
consists of a large number of pixels, it makes sense to give it a many times larger
weight compared to a single point. For simplicity, all points are assigned the
same weight a = 5 · 10−3.

Another reason for choosing a small weight for points is that optical flow is
a lot more imprecise than finding lines in the segmented image. In other words,
line correspondences are far more trustable.

1It has to be emphasized that the set of correspondences has to be non-trivial, e.g. no three
points in one line.
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4.3.4 Normalization

It is well known from the literature, that the accuracy of the homography estima-
tion depends on the coordinate system in which the points and lines are expressed,
more precisely its origin and scaling [17]. That is why a normalization is highly
recommended in order to get best results for any image size and any region in
the image. In this work, the simple isotropic scaling is used which rescales all
axes by an equal factor. Since the higher effort of more complex methods does
not lead to better results in most cases [17], they are not regarded here. Fig. 4.7
shows qualitative results achieved with and without normalization.

(a) Segmented image (b) Without normalization (c) With normalization

Figure 4.7: An example of the effect of normalization: (a) shows frame n of a
rotating cube, while the other images show the estimation of segment 1 from the
previous frame n − 1 without (b) and with (c) normalization. It is easy to see
that result (c) comes far closer to ground truth (a).

Points

The normalization process of point vectors consists of the following steps. At
first, the homogeneous coordinates of the points are divided by its third entry, so
that it becomes 1:

(x, y, z) 7→
(x
z
,
y

z
, 1
)

Then, the x- and y-coordinates of all points are translated in a way that their
center of weight reaches the origin. Furthermore, the coordinates are scaled so
that the average distance of the points to the origin equals to

√
2. That way,

the vectors xi and x′i are mapped to a new set of vectors x̂i and x̂′i.
This procedure, consisting of a translation and a scaling, can be expressed by

the matrix

NP =



s 0 0
0 s 0
0 0 1






1 0 −〈x〉
0 1 −〈y〉
0 0 1


 =



s 0 tx
0 s ty
0 0 1


 (4.8)
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where s := 〈
√
x2 + y2〉 is the mean value of the point’s distances to the origin,

〈x〉 and 〈y〉 are the mean values of their x- and y-coordinates and tx := −s〈x〉
and ty := −s〈y〉. The same way, the matrix N′P for the points x′i is computed.

After normalizing the point vectors as described, the homography matrix P̂ is
computed with these values. The corresponding matrix P can then be obtained
by

P = N−1
P P̂NP .

Lines

To normalize a line vector l, two points a = (a1, a2, a3) and b = (b1, b2, b3) of
the corresponding line are considered. It is obvious that the normalized line goes
through the normalized points. The homogeneous line vector l can be retrieved
by computing the cross product of those points

l = a× b =



a2 b3 − a3 b2

a3 b1 − a1 a3

a1 b2 − a2 b1


 =



l1
l2
l3


 . (4.9)

Replacing a and b by their normalized vectors leads to

l̂ = â× b̂ = N a×N b ,

where N is defined in (4.8). It follows that

l̂ =



s a1 + tx a3

s a2 + ty a3

a3


×



s b1 + tx b3

s b2 + ty b3

b3




= s




a2 b3 − a3 b2

a3 b1 − a1 b3

s(a1 b2 − a2 b1) + tx(a3 b2 − a2 b3) + ty(a1 b3 − a3 b1)


 .

Inserting (4.9) eliminates the arbitrary point vectors so that the equation only
depends on l and the normalization parameters tx, ty and s:

l̂ = s




l1
l2

sl3 − txl1 − tyl2


 = NL l ,

where

NL = s




1 0 0
0 1 0
−tx −ty s


 .
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4.3.5 Recognizing Outliers Using RANSAC

As already described, at least 4 correspondences are needed to compute the
homography matrix. Since each correspondence obtained by e.g. optical flow
usually has a certain error, the computation is done with far more values than
technically necessary. By that, the matrix that fits best to all input values is
obtained.

Until here, it has been assumed that the errors originate from the measure-
ment of the point’s position. This error is assumed to be Gaussian distributed and
for all points equal. However, when using methods that are based on matching
pixels between frames, one has to deal with mismatchings that can distort the
estimated homography matrix a lot. It is a non-trivial task to find those outliers
in order to ignore them in the computation. A commonly used algorithm for that
kind of robust estimations is RANSAC standing for Random Sample Consensus
[13].

b
b b

b
b

b b

b b b

b
b
b
b

bc

bc

b

(a) Best fit line of 2D points

b
b b

b
b

b b

b b b

b
b
b
b

bc

bc

b
a

d

c

b

(b) RANSAC algorithm

Figure 4.8: Robust estimation of a line. (a) Outliers (#) can influence the best
fit line a lot. In order to recognize outliers, the RANSAC algorithm (b) chooses
two points randomly. Then, the consensus set that consists of all points within a
range around the guessed line, is determined. This procedure is repeated several
times until a line with a large support was found.

The algorithm has a very simple principle which will be explained regarding
the easy example in Fig. 4.8(a). The task is to find a line that fits the correct 2D
data points best while the outliers are ignored. Note that the number of outliers
is unknown in general and could be larger than two.

The minimum number of points needed to define a line is 2. The algorithm
selects consequently 2 points randomly as a sample. By them, a line is defined
that might fit to the data points well – or poorly. The accuracy of this line is
given by its support which is the number of data points lying within a threshold
around it. Those matching data points are called consensus set. In order to
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find the maximum consensus set the random selection is repeated several times.
Regarding Fig. 4.8(b), it is obvious that a sample including outliers like c and d
gets less support than a sample of solely inliers like a and b.

After some iterations the largest consensus set is deemed as inliers. The best
fit line is then computed by using only those values while ignoring the outliers.

Computing a homography matrix using RANSAC is very similar. Since at least
4 correspondences are needed, the sample has to be of that size. As point and
line correspondences are to be used together in this work, the random selector
has to choose from both. This is done by first selecting a random value between
0 and 4 to define the number of lines within the sample. Then, that many lines
are selected from the available line correspondences while the remaining number
is chosen out of the points.

After selecting a random sample, a (temporary) homography matrix P̌ is
computed using (4.7) out of that 4 correspondences. Then, the distance of each
available correspondence is computed using

d(x′i, P̌ xi) + d(xi, P̌
−1 x′i) (4.10)

for points and

d(l′i,
tP̌−1 li) + d(li,

tP̌ l′i) (4.11)

for lines, which is called the symmetric transfer error. It is important to note that
the distances have to be computed in inhomogeneous coordinates because two
points in homogeneous coordinates can have a large euclidean distance although
their corresponding image coordinates are close. Depending on the computed
distance and the thresholds τpoints and τlines, each correspondence is classified as
inlier or outlier in order to obtain the support of the sample.

As described in section 4.3.3, lines are given a larger weight than points when
computing the homography matrix since they are firstly more precise and secondly
representing a large number of points. This has also to be considered when
computing the support of a sample. For that reason, a line that is recognized as
inlier counts as much as 200 point inliers which each count 1. As a consequence,
a sample that matches a certain number of line correspondences gets much higher
support than a sample that matches the same number of points.

The whole algorithm can be summarized by the following steps:

1. Randomly select a number l between 0 and 4.

2. Randomly select l line correspondences and 4 − l point correspondences.
Those four values form the sample.

3. Compute from the sample the homography matrix P̌ using (4.7).
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4. Compute the distance of each correspondence using (4.10) and (4.11).
Count the number of point correspondences cpoints having a distance smaller
than the threshold τpoints. Also count the number of line correspondences
clines with a smaller distance than τlines. The support is then given by
cpoints + 200 · clines.

5. Repeat the above steps several times.

6. Use the largest consensus set to compute the final homography matrix P.

There are some issues concerning the optimization of RANSAC. The number
of necessary iterations can be estimated during the process in order to abort it as
early as possible. Note that it is not necessary to try every possible sample what
would cause a computational overhead. Instead of that, a minimum of iterations
can be computed so that the probability of finding at least one sample without
any outliers is very high.

Let w be the relative number of inliers. Then, the probability of choosing a
sample (consisting of 4 correspondences) with at least one outlier is 1−w4. If p
is the probability of finding one sample without any outlier during N iterations,
then

(1− w4)N = 1− p.

Let the desired value for p be 0.99, then the number N of necessary iterations is
given by

N =
log(1− 0.99)

log(1− w4)
.

The number of inliers w can be guessed or obtained by experiments. Another
option is to update the value in each iteration when a larger consensus set was
found. This temporarily largest support grows during the iterations and converges
to the total number of inliers. Consequently, it is at each step a lower bound of
the number of inliers. For that reason, w can be set to this value divided by the
total number of correspondences.

There are some other modifications of the standard algorithm, namely LO-
RANSAC [9] and MSAC [43]. Since this work does not intend to describe a highly
optimized system, they are not considered further.

4.4 Extracting Boundary Lines from Segments

As mentioned in the previous sections, line correspondences can be used to es-
timate the homography matrix next to point correspondences. While the latter
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are already given by optical flow, the lines have to be determined first in the
segmented image. This is done using the Hough transformation [19, 41, 1].

This method is a feature extracting technique that allows finding imperfect
lines in an image. There are also extensions of the classic algorithm that can be
used to find arbitrary shapes like circles, ellipses and even predefined patterns.
However, only the line extraction is used in the proposed framework and hence,
those other methods will not be considered.

The following three sections briefly introduce the Hough transform for grayscaled
and colored images. Then, some modifications are applied to optimize it for find-
ing the boundary lines of segments, hence binary images.

4.4.1 Determination of Border Pixels

In a first step, the image is analyzed to find the pixels that belong to a border.
This is usually done by computing its first derivate. High values indicate a large
change of the color value which is regarded as a sign of a border, while close-
to-zero values indicate a homogeneous region. Well-known implementations of
this algorithm are the Roberts, Prewitt and Sobel operators [41]. Note that
these operators only create edge maps that show where borders are. They do
not provide any parametrization of the borders. It is often non-trivial to find the
pixels that form a straight line, especially if those lines are corrupted due to noise,
which is why the Hough transform was developed.

4.4.2 The Parameter Space

The Hough transform is based on a voting procedure that takes place not in
the image itself but in a parameter space. A line is defined by a line equation
y = mx+b, hence completely determined by the parameters m (the slope) and b
(the interception of the line with the y axis). Since m and b equal infinity at lines
parallel to the y axis, which is badly manageable, it is more beneficial to chose a
different pair of parameters. It is very common to use the distance r of the line
to the origin and its angle θ ∈ [0, π) as shown in Fig. 4.9. The line equation is
then given by

y =

(
−cos θ

sin θ

)
x+

( r

sin θ

)
.

It is also an option to choose both vector components of the line’s normal
vector with length r instead of θ and r to avoid the computation of angles.
However, the big disadvantage of this is that the accuracy of the line’s orientation
would depend on the line’s distance to the origin.
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Figure 4.9: Parameters θ and r that are used to represent a line in the parameter
space [1].

Now, considering a border pixel x which has been found by a border detector
as described above, this pixel can possibly belong to lines with angles

θ ∈ Θ = {θ < π | θ = n∆θ, n = 1, 2, ...} ,

where ∆θ is the angle step size that has to be chosen regarding accuracy and
computational cost. The corresponding distance value is then given by

rx(θ) = x cos θ + y sin θ . (4.12)

Then, each border pixel x gives a set of votes

{(θ, rx(θ)) | θ ∈ Θ} .

To store these votes, a two dimensional parameter space called accumulator is
created. It is usually implemented as an array of size 2

√
s2

x + s2
y×|Θ|, thus twice

the length of the image diagonal which corresponds to the maximum range of
distances to the origin, times the number of angles.

For each vote, the corresponding entry in the accumulator is increased by one.
The votes of one point correspond to a sinusoidal function as can be seen from
(4.12). The corresponding curves of a set of collinear points will intersect in the
parameter space at a point (θ, r), which holds the searched line parameters. Fig.
4.10 shows an example of the described procedure.

It is obvious that the computational time increases by decreasing ∆θ, but this
is necessary to get more precise lines. As an optimization, the gradient angle of
the image can be used as θ, which dramatically reduces the number of votes that
have to be processed down to 1 per border pixel. Unfortunately, this method
cannot be applied to binary images like image segments, as can be seen in Fig.
4.11. The occurring gradient angles are 0,±π

4
,±π

2
,±3π

2
,±π, ..., which is too

imprecise. It is possible to perform a low-pass filtering as an upstream process
to smooth the steps, but this would also lead to a loss of information. Since the
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(a) Processing the border pixels (b) Accumulator

Figure 4.10: An example of filling the accumulator [1]. The black dots in (a)
are border pixels. For each, votes in 30◦ steps are created and added to the
accumulator (b). At θ ≈ 60◦, there is a maximum (3 votes, one of each pixel)
which indicates that a line of that angle and r = 80px is present.

images processed in this work are of small size, the performance of the described
standard algorithm is good enough and, for that reason, no optimization con-
cerning computational time is done here.

4.4.3 Finding Peaks

After filling the accumulator, the next task is finding the peaks. A simple method
for that is scanning the accumulator to find local maxima which mean elements
that have the highest value in their neighborhood. Since the accumulator is
periodic on the x-axis (angle), the neighborhood of a point at the border of the
accumulator has to be continued at the opposite side.

Problems occur if the maxima are not point-shaped but form plateaus. This
can be the case when the angle step size ∆θ is small and many votes are found
also in the neighbor elements. Furthermore, when coping with binary images,
even for a perfect line, multiple peaks corresponding to angles of multiples of π

2

will be found as already stated in the previous section.
For that reason, the window size for searching the local maxima and merging

close sub-peaks should be large enough to cover widespread peaks. On the other
hand, this makes it hard to distinguish closely located peaks like in Fig. 4.14(b).

One heuristic solution for this is to make the window size dependent on the
value of the current element. If an accumulator element is large, it might be
part of a sharp maximum, so a small window size is chosen. At low values, the
window size is increased to cover more neighbored elements. Even with only two
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n
∇I

(a)

0◦ 22.5◦

45◦ −22.5◦

(b)

Figure 4.11: Directions of gradient in a binary image. In (a), n is the normal
vector of the optimal approximation of the border, which is not fitting to any of
the gradient vectors ∇I. Two gradient vectors are highlighted for comparison.
(b) shows the occurring gradient directions for different line angles.

(static) window sizes, usable results can be achieved, but of course only to a
certain extend.

4.4.4 Introducing Lines with Orientation

A better approach for this problem is to prevent the occurrence of narrow peaks
in the first place. Although the red and the green line in Fig. 4.14(a) are close
and by that, their θ and r are similar, they can be distinguished by the following
property: the segment is in one case on the left side and in the other case on the
right-hand side. One way to include that kind of additional information to the
accumulator is extending it by a third dimension.

Instead of that, the angle range is expanded. In general, it is sufficient to
regard angles between 0 and π, since lines corresponding to larger angles are
equivalent. By introducing an orientation of the lines, θ = 0 can be regarded as
a line with the segment on the right-hand side, while θ = π has it on the left
side. Consequently, θ = π

2
indicates the line being at the top and θ = 3π

2
at the

bottom (see Fig. 4.12).
When creating the votes, the relative position of the border pixel to the

segment has to be considered. For that, the gradient vector’s property of always
pointing to the inside of the segment is used. As can be seen in Fig. 4.11(b),
there is only a very limited range of gradient directions in one line. It is easy to
see that the inversion is also true: The gradient vector constrains the range of
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θ = π
2

θ = π
4 θ = 0 θ = 5π

4
θ = 3π

8

Figure 4.12: Lines with orientation for some angles.

possible lines. E.g. a gradient vector pointing to the right will never be found
in a horizontal line. It is important to note, that this is only true in “perfect”
images like those shown. The segmented image of a real camera frame showing
a horizontal border may have that kind of errors. But this is not a problem, since
the Hough transform is stable against such isolated faults.

Fig. 4.13 shows, that the range of votes reduces to even only 90 degrees.
Given the gradient vector at a border pixel, the normal vectors of all lines that
the pixel could possibly belong to, fall into the range of ±π

4
around it.

Hence, the proposed method reduces the number of votes for each border
point by half, since the standard method creates votes in the range of 0 to π.
On top of that, it uses orientated lines to enable the peak finding algorithm to
distinguish close lines, as shown in Fig. 4.14(c).
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∇I
π
4 n n∇I

(a) Vote range of two border pixels of the same line

nn∇I ∇I

(b) Identical gradient direction (and thus same vote range) in two different lines

Figure 4.13: Votes depending on gradient direction ∇I. n is the normal vector
of the optimal line. It is always in a range of ±π

4
around the gradient.

4.4.5 Removing Distracting Holes in Segments

The strength of the Hough transform is the ability to find lines even in noisy
images where lines might be for example disconnected. However, the algorithm
cannot distinguish between wanted lines and those which arose from noise. Fig.
4.15(a) shows a segment that is not a homogeneous area but includes holes. As
a result, the Hough transform finds an additional line (see Fig. 4.15(b)).

To solve this problem, a topological operation called binary closing is prepro-
cessed [41]. It is a very efficient method to remove noise introduced by small
holes. Fig. 4.15(c) shows the same segment after the operation. The inner noise
has been completely removed while the boundary is almost unchanged.

The result of the Hough transform of the closed segment can be seen in Fig.
4.16. Note, that the original segment is shown instead of the closed version which
is used only internally.
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(b) Standard method
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(c) Proposed method

Figure 4.14: The peaks created by the standard Hough transform can be very
close for parallel lines, as can be seen in (b). The modified algorithm solves this
problem, the peaks in (c) are well separated.
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(a) Original segment (b) Recognized boundary lines (c) Segment after “Closing”

Figure 4.15: Applying the binary closing operation to a segment in order to
improve the Hough transform. See Fig. 4.16 for the final result.

4.4.6 Line Correspondences in Subsequent Frames

For each frame and each segment, the boundary lines are established as described
in the previous sections. Since those lines are to be used to compute homography
matrices between frames, line correspondences between subsequent frames are
needed. For that reason, each new line is assigned a label which is then managed
to be kept consistent over the whole sequence.

Instead of comparing the lines in the image space, this is done in the accu-
mulator space. Obviously, similar lines have neighboring peaks. Given the peaks
of one frame and those in the other, the set of peak-correspondences, which
minimizes the sum of their distances, needs to be found. This is simply done
by computing the distances of all combinations and choosing the smallest. Al-
though this computation has a squared complexity in the number of lines, it is
fast enough for the purpose of this work since in most cases the number of lines
is less than 6.

Besides the matching, a maximum distance, that line peaks are allowed to
have, is defined. This is important for cases when a new line appears while
another line gets lost. Without a limitation of the distance, those lines might get
wrongly matched.

4.5 Transformation of Pixel Maps

Given the matrix Mn the data of the layer L can be transformed to the perspective
of the current frame n. Theoretically, this is done by multiplying each pixel of L
with Mn so that the set of transformed pixels is given by

{Mnx |x ∈ L} . (4.13)
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(c) Accumulator with peaks

Figure 4.16: An example of finding the boundary lines of a segment. The colors
of the lines correspond to those of the peaks in the accumulator.
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It is obvious that the total number of pixels before and after the transformation
will not change. If Mn is e.g. a scaling, this fact will lead to holes in the
transformed image since more pixels would be necessary to fill the complete
shape.

For that reason, the transformation is done backwards. For each pixel in the
target coordinate system it is checked, whether a pixel of the layer is mapped to
it. In mathematical terms, this is given by

{y |M−1
n y ∈ L} ≡Mn[L] . (4.14)

Note that more than one x ∈ L fulfill M−1
n y = x since all variables are rounded

to integer values. For simplicity, the notation Mn[L] will be used for this method.
When mapping the layer to the image, it is enough to check (4.14) only for

the image coordinates, since layer pixels outside the image are not considered.
So, in this case the range of putative values of y are known. In other tasks
that will follow later in this work this range is unknown. Hence, it needs to be
determined by first using (4.13) in order to find out the range of y, and then
using (4.14) within that range.

4.6 Keeping Layers Up-To-Date

Until here, the framework creates layers from the first frame and updates matrices
that map the layers to the current frame. However, the layers’ contents are not
getting updated yet.

4.6.1 Adding Data

Obviously, the assumption that all segments are completely visible in the initial
frame needs to be dropped. Fig. 4.17 shows the following example: Segment 1
is occluded in the first frame and, as a consequence, the layer contains only the
visible parts. As the segment moves out, more parts become visible that need to
be added to the layer.

The coordinates of the pixels, that newly appeared in the frame, have to be
mapped to layer coordinates. This is done by the inverse mapping

M−1 : Image→ L .

The addition of new data to the layer can be seen as a union of sets. Let L
be the data of the layer and S be the segment visible in the frame. Then, all
pixels need to be transformed to the layers coordinate system, and then merged
to the layer data. The new layer data is consequently given by

{M−1x |x ∈ S} ∪ L .
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Figure 4.17: Adding new data to the layer using inverse mapping.

By that, new pixels are added to the layer, while already stored values are kept
unchanged. If the segment in Fig. 4.17 moved back, the vanishing parts would
remain in the layer.

Considering a big object like a wall or the ground captured by a moving
camera, the corresponding layer can grow bigger than the frame size.

4.6.2 Removing Noise

A more complex task related to updating the layer data is the removal of noise.
First, the term “noise” needs to be clarified. The motivation for using layers is to
be able to remember parts of segments which are currently invisible. By mapping
a layer to the current frame the original boundaries (or at least all parts which
have already been visible at some time) of the object can be restored. Noise
refers in this context to layer pixels that are mapped to parts of the image that
do not represent the actual object (this could be called a “wrong memory”).

There are two reasons that can lead to such erroneous pixels in the layers:

• Segments are noisy especially at the borders. The boundaries of even static
objects are never perfect but contain flickering pixels.

• The mapping of a layer to the frame is not perfect in most cases since the
homography estimation is erroneous. For that reason, new data might get
falsely added to the layer.

Unfortunately, there is no chance to get an unfailing algorithm that prevents
those errors. Instead, a method is needed that enables the layers to “forget”. One
approach is deleting parts of the layer after a period of time. For each layer pixel
a counter would have to be created that is increased if the pixel is invisible in the
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current frame. As soon as a counter reaches a maximum value the corresponding
pixel of the layer is deleted. However, the counters of visible pixels are reset back
to zero. Using that method, visible pixels are kept in the layers while occluded
parts are stored only for a limited amount of time.

It is obvious that the time threshold is a crucial value. The quicker the noise
is supposed to be deleted the shorter becomes the memory of the system. Or in
other words: The system deletes wrong values as fast as correct values (invisible
pixels) since it cannot distinguish between them.

1

2
L2

L1

invisible pixels

visible pixels

Figure 4.18: Parts of the layers can be invisible. This can be due to occlusion or
due to noise and distiguishing between those two cases can be done using depth
information.

A better approach is solving that last issue. Fig. 4.18 shows a segmented
frame and the corresponding layers. Layer 1 contains noise around the boundary
of the segment which is marked by a black line. Layer 2 contains pixels even at
parts where segment 1 is currently located. It is obvious that the hidden parts of
layer 2 should be kept while the noisy parts in layer 1 should be deleted.

This can be done by taking the depth order of the segments into account. As
a first step, the layer is mapped to the current frame. Some pixels of the layer
are invisible which means that they do not match the corresponding segment.
Instead, those pixels are mapped to a different segment. Now, there are two
options: either this segment is above and occludes everything beneath, or this
segment is below. In the last case the pixel must obviously be a false pixel since
being occluded by a underlying object does not make sense.

Regarding the example in Fig. 4.18, the invisible pixels of layer 1 are mapped
to segment 2. Given the information that segment 1 is above 2, those pixels are
identified as noise. The invisible pixels of layer 2 are mapped to segment 1 which
is a real occluder since it is above. Hence, those values are kept.

The depth information can either be taken from stereo vision, a 3d camera or
from the method described in section 4.7. In order to keep the layer framework
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applicable for monocular image sequences and independent from special sensors,
the last option is used.

4.7 Detecting Depth Relations of Segments

For some parts of the framework it is necessary to know the depth order of seg-
ments. Regarding Fig. 4.19 it is obvious that one single (segmented) frame does
not contain enough information to recognize that segment 1 that might be a
hand is above 2, e.g. a table. Of course, based on the knowledge of how hands
and tables look like, a human is in most cases able to figure out the correct depth
determination even in single images (e.g. photos). But this prior experience is ad-
ditional information that is not contained in the image itself. Next to recognition
of objects, humans also use other hints like lightening/shadows in order to get
an idea of depth. There have been many investigations of implementing methods
like those on a robot, namely object recognition and shape from shading.

1

2

1

1

2

2

?

Figure 4.19: Regarding one single frame the depth order of the segments can-
not be extracted. Both situations are a-priori possible: The hand (1) is above
the table (2) or the table has a (hand-shaped) hole that allows the view to an
underlying object (1).



4.7. DETECTING DEPTH RELATIONS OF SEGMENTS 61

Since the framework developed in this work is intended to be model-free, any
method based on object recognition is not an option. Taking the shading of
the scene into account is a complex task and often too erroneous. That’s why
an alternative hint on depth is used: motion. Since the framework tracks the
segment’s movements it can be extended to derive depth information. This is
related to structure from motion [17] that obtains the 3D shape of an object by
observing it while it rotates. This is used e.g. in some 3D scanners. The essential
difference to our situation is that the real-world movement is unknown here while
a scanner defines the objects’ rotation itself. However, since no 3D shape but
only the depth order between segments (which one of two is above the other) is
intended to be derived, this task is a lot simpler.

4.7.1 Basic Idea

Since it is assumed that segments correspond to solid objects, changes of the
shape can only happen either due to the object’s movement/rotation in the 3D
space, or due to occlusion. Using that assumption, the depth order of segments
can be derived from their movement.

1

2

(a) Ideal example

2

1

(b) Unstable boundary

Figure 4.20: (a) As the hand 1 moves, parts of the table 2 become visible while
others become occluded (b). If the segment’s boundary of the occluding object
is unstable, it is more complex to decide about the depth order.

Consider two objects that move relative to each other. If the first object is
above the second, the shape of the corresponding segment should not change.
The segment of the second, underlying object however does change, since new
parts of the object become visible and others become invisible as the occluder
moves. Let Fig. 4.20(a) be the next frame of the example in Fig. 4.19. Segment
1 has moved to the right and parts of the table that were previously occluded
are visible now, while others are now occluded. This observation can only be
explained, if segment 1 is above 2.
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The basic algorithm can be described as follows: Between two subsequent
frames, it is checked for each segment if there are regions that were occluded by
another segment before. Additionally, regions, that are occluded now by another
segment but were visible before, are determined. This observation will be called
change of visibility. If such regions are found, the object belonging to the segment
seems to be beneath the other. Unfortunately, this simple algorithm gets into
trouble if the boundaries of the occluding segment are unstable, as can be seen
in Fig. 4.20(b). A small part of segment 1 gets lost and changes the label to 2.
This noise effect must not be mixed up with the case where a part of the table
occludes the hand. Instead of that, the algorithm has to choose the most probable
constellation: Although there could be indeed a small part of the table occluding
the hand, there are much more hints (=regions with changes of visibility) that
the hand is above the table. Note that an important assumption is made here:
One segment can be either above or beneath another, but not both. If the hand
is above one part of the table and another part is beneath, it is assumed that
those two parts of the table would be represented by two different segments.
Although there might be cases violating this assumption they are improbable
since the lightning condition will cause the color-based segmentation to separate
parts/surfaces of objects that are very different in position and orientation.

As an additional way of sorting out changes of visibility caused by noise, the
proposed algorithm checks whether the newly occluded/newly invisible regions
can be “explained” by the movement of the occluder. The whole algorithm will
be described in the following section.
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4.7.2 Implementation

Until now, the layers are used only to store the segment’s shape. In order to find
regions with changes of visibility, the layers have to be extended to store parts of
the layer which are occluded. This is illustrated in Fig. 4.21. To each layer L, two
more sublayers of the same size are added. The first sublayer (a) holds the layer
data as described before. The second sublayer (b) marks those parts which are
occluded by another segment. More precisely, the pixels of sublayer (b) include
the label of the occluding segment. If there is no occlusion, the corresponding
pixels have value 0. The sublayers are named Lsa, Lsb and Lsc as an example for
a segment s.

In the figure, the layer L1a of segment 1 has parts which are invisible in frame
n−1 since segment 2 is located in that area. According to that, L1b gets assigned
the number 2 in that area. Note that the sublayer (b) is not binary contrary to (a)
since each pixel needs to store the label of the segment that causes the occlusion.
Also note that the sublayer L2b of segment 2 is empty because no occlusion is
present.

The third sublayer (c) contains the data of sublayer (b) at the previous frame
which means that the data is moved from the second to the third sublayer in
each time step. The data of the second sublayer is computed by mapping the
first sublayer to the image and determining the areas that are not covered by the
segment which means occlusion.

The changes of visibility can then be derived using the data of sublayer (b)
and (c). At first, a new notation has to be introduced in order to use set syntax.
As defined in section 4.1, the first sublayer can be seen as a set of coordinates
of elements with value True. Since the other sublayers are not of type boolean
but integer, it is required to specify the element value in set notation. This is
done using the “|” symbol, similar to the notation of conditional probability. As
an example, all elements of sublayer (b) of segment s having the value v will be
annotated as

Lsb|v .

The determination of the changes of visibility is done segment-wise. For each
segment s in the current frame n, the corresponding sublayer (b) is searched
through in order to find segments currently occluding the layer. For each occluder
k of s the change of visibility from invisible to visible is obtained by

Ck∗
s = Lsb|k ∩ Lsc|k . (4.15)

Furthermore, the parts that changed from visible to invisible are given by

Ck†
s = Lsb|k ∩ Lsc|k . (4.16)



64 CHAPTER 4. LAYER-BASED SEGMENT MEMORY

nn-1

2

time/frame

2

L1

a

b

c

1 1

L2

a

b

c

L1

a

b

c

a

b

c

L2

C2∗
1

C2†
1

2 2

2

deriving observed changes of
visibility in frame n

Figure 4.21: The layers are extended into three sublayers. While the first sublayer
stores the original layer data, the second holds information about occlusions in
the current frame and the third in the previous frame. The observed changes of
visibility can then be derived. Colors:  from visible to invisible,  from invisible
to visible.

In noise-free cases it would be enough to find those changes of visibility to decide,
that segment s is below k. Since the segment’s shapes are noisy in most cases,
those visibility changes can also occur without any relation to the movement of
an occluding segment as shown in Fig. 4.20(b).

For that reason a control mechanism is introduced in the next section that
finds putative areas where a change of visibility can occure. Changes in other
areas are then ignored and the algorithm becomes more stable.
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The Occluding Segment is Moving

The control mechanism is illustrated in Fig. 4.22 as continuation of Fig. 4.21.
The layer of the occluding segment k, which is 2 in the example, is transformed
using the current and the previous transformation matrix Mk

n respectively Mk
n−1

which gives its appearance in the current and the previous frame. This simulates
the movement of the occluder based on the available layer data. The theoretical
change of visibility is then given by

Dk∗
s = Mk

n−1[Lka] ∩Mk
n[Lka]

Dk†
s = Mk

n−1[Lka] ∩Mk
n[Lka] .

(4.17)

After that, the observed values that match the theoretical values can be
seen as “resolved”. Since Dk∗

s and Dk†
s are in image coordinates due to the

transformation, the observed values Ck∗
s and Ck†

s also have to be transformed to
image coordinates. The set of resolved pixels for k being above s is then given
by

Rk
s =

(
Ms

n[Ck∗
s ] ∩Dk∗

s

)
∪
(
Ms

n[Ck†
s ] ∩Dk†

s

)
.

This computation is done for all segments s in the image.

Fig. 4.23 shows the effect of the control mechanism. Segment 2 moves to
the right. Due to some noise, the label of background (namely 1) is assigned to a
little part of segment 2. Consequently, changes of visibility are observed on both
segments 1 and 2. On the right, the observed changes of visibility are shown
in light blue and light gray while the theoretical areas are shown in darker blue
tones (see image caption for a color description). The areas where theoretical and
observed values match are visualized blue/white-striped. Note that the visibility
change caused by the noise is outside of the allowed area. As a result, the set
of resolved pixels R1

2 for 1 above 2 is empty, while R2
1 standing for 2 above 1 is

large. Consequently, the latter depth relation is recognized as being correct.
The described control mechanism can only filter out changes of visibility that

conflict with the segment’s movements. In Fig. 4.24 an example is shown where
noise occurs within the allowed area. In that case, resolved pixels are found for 1
being above 2 as well as for 2 being above 1. However, the right choice can be
made by taking the number of pixels |R1

2| and |R2
1| into account. Obviously, the

depth relation, which could be verified by more resolved pixels, is correct.
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(a) Theoretical changes of visibility (b) Verification of observed values

observed changes of visibility (see Fig. 4.21)

Figure 4.22: (a) Determination of areas where a change of visibility is allowed to
happen. (b) The observed changes are then compared to them and ignored if they
do not match. If they do match (overlap of  / ,  / , visualized as stripes)
the observed changes are called “resolved”. In this case, segment 2 seems to be
above 1. Colors:  from visible to invisible ( theoretical),  from invisible to
visible ( theoretical).
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Figure 4.23: Example where some of the observed changes of visibility conflict
with the movement and hence can be filtered out by the control mechanism. The
verification part (according to Fig. 4.22(b)) is shown in (b) for 2 being above 1
and 1 being above 2. Colors:  from visible to invisible ( theoretical),  from
invisible to visible ( theoretical), stripes indicate the presence of both colors.
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Figure 4.24: Example where the changes of visibility caused by noise do not
conflict with the movement, hence lie in the allowed area. The verification part
is shown in (b) for 2 being above 1 and 1 being above 2. Since the number of
resolved pixels is higher for 2 being above 1 (|R2

1| > |R1
2|), the depth relation is

still correctly recognized. Colors: (see Fig. 4.23)
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The Occluded Segment is Moving

Equation (4.17) does not depend on s. The reason for that is that only the
movement of the occluder was taken into account. Fig. 4.25 shows an example
where the occluded segment moves while the occluder is static. The resulting
changes of visibility on segment 1 would all be ignored since the occluder 2 does
not move and consequently D2∗

1 = D2†
1 = ∅. That is why (4.17) needs to be

extended so that it also checks the movement of the occluded segment s.

This computation is very similar to the case with the moving occluder. As
described, the sublayer (a) of the occluder is transformed both to the current
and back to the last frame to simulate its movement. For the case, where the
occluded segment is moving, the same is done, but for sublayer (c) of the occluded
segment itself (see Fig. 4.25). By that, the movement of the occluded area is
simulated and then compared to the actual observation.

The area of allowed visibility changes caused by the movement of s is added
to (4.17) which leads to

D̄k∗
s =

(
Mk

n−1[Lka] ∩Mk
n[Lka]

)
∪
(
Ms

n−1[Lsc|k] ∩Ms
n[Lsc|k]

)

D̄k†
s =

(
Mk

n−1[Lka] ∩Mk
n[Lka]

)
∪
(
Ms

n−1[Lsc|k] ∩Ms
n[Lsc|k]

)
.

(4.18)

It is obvious that D̄k∗
s ∩ D̄k†

s = ∅ should be fulfilled since the visibility can
only change from visible to invisible or vice-versa, but not both. However, this is
not always fulfilled when using (4.18). For that reason, those wrong values are
filtered out by

Dk∗
s = D̄k∗

s ∩ D̄k†
s

Dk†
s = D̄k†

s ∩ D̄k∗
s .

(4.19)

An example, where this is necessary, are two segments that move synchronously.
In this case, no changes of visibility will be observed since the upper segment
always occludes the same parts of the lower segment. Consequently, there should
be no theoretical changes either. However, (4.18) will allow visibility changes in
some areas. If noise occurs in exactly those areas, the algorithm might recognize
a (wrong) depth relation, although no such relation can be obtained.

Fortunately, those wrong theoretical changes of visibility in that kind of situa-
tions can easily be prevented using (4.19). Unfortunately, this leads to inaccuracy
in other situations, as shown in the next chapter.
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Figure 4.25: Computation of theoretical changes of visibility when the occluded
segment is moving while the occluder is static. L1c|2 is transformed to the cur-
rent and to the previous view to simulate the movement of the occluded area of
segment 1. Segment 3 was added in order to illustrate that sublayer (b) can also
include more than one occluder. Colors:  from visible to invisible ( theoreti-
cal),  from invisible to visible ( theoretical), stripes indicate the presence of
both colors.
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The Occluded and the Occluding Segment Are Moving

In the previous method it is assumed that either the occluding or the occluded
segment is moving relative to the camera. Nevertheless, the concurrent move-
ment of both segments is in most cases also covered. The advantage is that the
computations are very simple and, furthermore, can be cached. Note that

Ms
n[Lsc|k] = Ms

n[Lsc]|k

which means that a sublayer can be transformed first and then be converted
to a binary array that marks all pixels of value k. Because of that, (4.18) can
be programmed in a way that all transformations through Ms

n and Ms
n−1 have

to be computed only once for each segment, but not for all combinations of
two segments. More precisely, the left part of (4.18) has to be computed for
each k but is same for each s. The same is true for the right part concerning
s and k, apart from the simple |k-operation. By that, a squared complexity
can be prevented at least concerning the transformation, which is the most time
consuming part.

The problem of the previous method is that the movements of the occluding
and the occluded segment are processed separately, and then merged by a simple
union, given by (4.18). This works in many situations, at least when applying
(4.19), but is not an exact simulation of what really happens. Instead of tracking
the absolute movements (which means relative to the camera) of both segments,
their relative movement needs to be regarded in order to get exact results. How-
ever, this implies a squared complexity. If computational time is not important
and precise results are needed, the now proposed method can be used.

It goes back to the sole movement of the occluder. The corresponding theo-
retical changes of visibility are given by (4.17). The right term (which is Mk

n[Lka]
respectively Mk

n[Lka]) represents the position of the occluder k in the current
frame and, by that, the currently occluded parts of segment s.

The left part (which is Mk
n−1[Lka] respectively Mk

n−1[Lka]) represents the
position of the occluder k in the previous frame. This is equivalent to the formerly
occluded parts of the occluded layer only if the latter did not move between the
previous and the current frame. On the contrary, if it did move, the occluder has
to be moved the same way. This transformation between frame n − 1 and n is
given by (Ms

n−1)−1 ·Ms
n. The area of allowed visibility changes is then given by

Dk∗
s = ((Ms

n−1)−1 ·Ms
n ·Mk

n−1)[Lka] ∩Mk
n[Lka]

Dk†
s = ((Ms

n−1)−1 ·Ms
n ·Mk

n−1)[Lka]︸ ︷︷ ︸
previously occluded pixels

∩Mk
n[Lka] .
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In order to get precise results for all kinds of relative movements, this method is
used in the framework.

Obtaining Depth Relations with Incomplete Layer Data

The described method assumes that the occluded parts of one layer are already
known when determining the changes of visibility. In other words, the sublayers
b and c that hold the needed information about hidden parts, have to be filled
so that (4.15) and (4.16) can be used. Unfortunately, this is not the case if the
occluded parts of one segment are still unknown to the system. An example for
that situation is Fig. 4.17 where new data is added to the layer. Until here, the
system does not know where those new parts come from. However, due to the
assumption that segments belong to solid objects, it is obvious that the newly
visible part of the segment had been occluded before.

In order to enable the framework to come to this conclusion, the layer system
is modified. While layers have been kept as small as possible till here, they are now
enlarged so that the sublayers are able to store not only the currently occluded
segments but also the segment configuration in a small neighborhood. If new
parts of a segment become visible in this neighborhood, the sublayer already
contains which segment had been at this place before. That way, this segment is
identified as a former occluder. The increase of the layer’s size has to be adjusted
to the expected speeds in the image sequence. If only slow speeds are expected,
only a small enlargement is needed.

Since this modification is only technical, it is not described in further detail.

4.7.3 Gaining Further Depth Relations Using Logic

The up to here described method allows for gaining depth relations between
segments that move relative to each other. However, there are situations where
a depth order between two segments can be derived although they are static.
Fig. 4.26 shows an example for that.

Assume that segment 3 is moving so that its depth relations with 1 and 2
have been established to “3 above 1” and “3 below 2”. Now, the question is
whether this is already all that one can get out of these observations. Regarding
segment 3 moving between 1 and 2, it is obvious that 2 has to be above 1. Else,
nothing could move between them and, at the same time, be in front of the one
and behind the other. In mathematical terms, the depth relation is a transitive
relation:

a
above−−−→ b, b

above−−−→ c =⇒ a
above−−−→ c
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1

2
3

Figure 4.26: With the previously proposed method, the depth relation between 1
and 3, and 2 and 3 can be derived because 3 is moving. However, since there is
no relative movement between 1 and 2, their depth relation stays unknown.

Deriving a relation as shown in the above example, is called a chain inference.
Problems like that can be solved using logic frameworks. Given a set of depth
relations obtained by the observation method described in the previous chapters,
the goal is to extend them using logical conclusions.

Deriving the Absolute Depth Order

As a first step, a method called constraint programming is used to derive an
absolute depth order of the segments, based on the relative depth relations (see
Fig. 4.27). Constraint programming allows for solving a problem only by defining
the properties of the desired solution. The necessary steps to obtain the solution
do not have to be specified by the programmer. (In contrast, the very common
iterative programming requires that the approach is already known.)

1

2
3

3
above−−−→ 1

2
above−−−→ 3

⇒

-z

Figure 4.27: By the use of constraint programming, an absolute depth order is
derived from the observed relative depth information. Note that, by definition,
the depth index z increases in the direction towards the background.

The properties of the solution are described using variables, their possible val-
ues (domain) and constraints. Obtaining an absolute depth order of all segments
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means finding a consistent set of depth indices for each segment. Consequently,
given the segments 1, 2, ..., N in the frame, the variables v1, v2, ..., vN are created
that represent these depth indices. The allowed range of the values is given by
1, 2, ..., N because each segment may need a unique depth index (this is not al-
ways the case). By definition, the smaller the number is, the closer the segment
is to the foreground. Since the allowed values are a finite set, this is called a
finite domain. (Constraint programming in general can also handle other types
like boolean or integer domains.)

The most essential step is defining constraints. A solution for v1, v2, ..., vN
has to fulfill the depth relations that have been observed. Consequently, the
number of possible solutions decreases when adding further constraints. Finally,
the solutions are computed using the constraint solver provided by the logic
programming library2.

constraints domain solutions

3
above−−−→ 1 =̂ v3 < v1

2
above−−−→ 3 =̂ v2 < v3

v1, v2, v3 ∈ {1, 2, 3} ⇒
v1 = 3
v3 = 2
v2 = 1

Figure 4.28: Deriving the absolute depth order of segments from depth relations
which are reformulated as constraints for the desired solution. In this case, there
is only one solution. Since v2 has the minimum value, segment 2 has to be in
the foreground, while, due to v1 is maximal, 1 is in the background.

Fig. 4.28 shows the result of this derivation for the given example of Fig.
4.26. In that case there is only one possible solution. This, however, is not
always the case, especially when many segments are present but only few rela-
tions/constraints are known. To show this, the example is slightly extended by
two additional, static segments 4 and 5 (see Fig. 4.29).

Since segments 4 and 5 are static relatively to any other segment in their
neighborhood, no depth relation can be observed. Consequently, no further con-
straints can be applied although the number of variables and allowed values has
increased. As a consequence, numerous solutions are possible and, hence, re-
turned by the constraint solver (see Fig. 4.30).

It can be seen that the given constraints are always fulfilled as expected, but
the “free” variables can take any value. Using one of that solutions, e.g. (a),
could lead to the wrong conclusion that 4 was behind 1. Or, using (c), “4 is above
3” could be derived, which is possible but not proved. Since only conclusions that

2logilab-constraint for Python available at Logilab.org
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1

2
3

4 5

Figure 4.29: The example of Fig. 4.26 is extended by two more segments 4 and
5. However, since they do not move they do not offer additional constraints for
the depth order.

constraints domain solutions

v3 < v1

v2 < v3

v1, ..., v5 ∈
{1, ..., 5} ⇒

v5 = 5 v5 = 3 v5 = 2
v4 = 4 v4 = 3 v4 = 2
v1 = 3 v1 = 3 v1 = 4 ...
v3 = 2 v3 = 2 v3 = 3
v2 = 1 v2 = 1 v2 = 1

(a) (b) (c)

Figure 4.30: Since the number of variables increased while the number of con-
straints remained the same, more than one solution is found. Only some of them
are listed (a-c).

are definitely true should be made, there is no point in including segments into
the computation that do not appear in any constraint. For that reason, variables
are only created for segments for which one or more depth relations have been
found. By that, the number of allowed values is also decreased.
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Deriving Depth Relations

In spite of taking only constrained segments into account, there is usually still
more than one solution for their depth order. Fig. 4.31 shows a further extension
of the example. Segment 6 might be the right part of the object corresponding
to 3 but this fact is unimportant. However, since it moves, it adds two more
constraints: “6 above 1” and “2 above 6”.

1

2
3

4 5

6

Figure 4.31: The example of Fig. 4.29 is extended by one more segment 6. Since
it moves relative to 1 and 2, two more constraints are added, namely “6 above
1” and “2 above 6”.

Fig. 4.32 shows the result. Note that only four variables are created since
v1, v2, v3, v6 are the only ones that appear in the four constraints. Besides that,
only values between 1 and 4 are needed to be allowed.

constraints domain solutions

v3 < v1

v2 < v3

v6 < v1

v2 < v6

v1, v2, v3, v6 ∈
{1, ..., 4} ⇒

v1 = 3 v1 = 4 v1 = 4
v6 = 2 v6 = 3 v6 = 2 ...
v3 = 2 v3 = 2 v3 = 3
v2 = 1 v2 = 1 v2 = 1

(a) (b) (c)

Figure 4.32: Constraints, domain and a selection of solutions (a-c) for the exam-
ple in Fig. 4.31. See text for a detailed description.

Given one solution for the absolute depth order, the relative depth orders can
easily be obtained by checking all pairs of segments/variables. Regarding solution
(a), the new relation “2 above 1” can be derived correctly. Solution (b) however
implies “3 above 6” in addition, while (c) indicates the opposite “6 above 3”.

This shows that all possible solutions have to be taken into account in order
to obtain reliable results. In particular, only relations that are never equal in any
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solution are extracted. Since v3 = v6 in (a), no depth relation can be obtained
for 3 and 6. Note that va = vb for two arbitrary segments a and b does not imply
that they are on the same depth level. It implies that their depth relation cannot
be derived from the available data.

4.8 Improvements of the Layer Method

4.8.1 Detecting Wrong Lines

As described in section 4.4, the boundary lines of each segment are obtained
using the Hough transform. The changes of those lines between frames is used,
next to optical flow, to compute a homography matrix. It was stated in section
4.3 that this improves the accuracy of this estimation process.

1

(a) Lines of segment 1

2

(b) Lines of segment 2

Figure 4.33: When finding the boundary lines of a segment (—), some of them
might not be a real border of the corresponding object but of another object
being in the foreground.

However, results can be very bad, if lines are found that do not really belong to
the segment but to an occluder. This is illustrated in Fig. 4.33. The foreground
object represented by segment 1 has 4 lines that really belong to the segment.
Segment 2 however has 8 lines but only 4 of them belong to the object. If segment
1 was moving and the transformation matrix for segment 2 was computed using
all 8 lines, the result would be distorted.

If segment 2 was the foreground object with a rectangular hole, no correct
lines would be available for segment 1. By computing the transformation matrix
regardless of that fact, wrong results would be obtained.

It is obvious that lines cannot be used to track the transformation of segments
unless a way to ignore wrong lines is found. The proposed framework has up to
five mechanisms to deal with this problem:
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1. Occlusion of Segments. The depth order computed as described in
section 4.7 is used to sort out lines that adjoin to higher segments. This
segment is likely to be an occluder causing the wrong line. The advantage
of this method is that it takes the real cause of the problem into account:
the depth. However, a big drawback is that the segments already have to
have moved in order to obtain their depth relation. Hence, this is a chicken
or the egg dilemma in the first frame and cannot be used without other
methods like those described below.

2. 3D Data. If depth information obtained by e.g. stereo vision is available,
this data can be used in the previous method instead of 4.7 which solves
the mentioned problems.

3. Touching of Segments. The problem described in method 1 is essential in
the case shown in Fig. 4.34. One segment moves towards another segment
(a) and starts to touch it (b). The four lines of segment 1 are sufficient
to compute its transformation. Until here, no depth order using method 1
could be obtained since the segments did not occlude each other yet. For
that reason, using the line at the connection for the further transformation
of segment 1 is crucial, since it may belong to segment 2.

Assume that 1 is below 2. Then, the correct transformation of layer 1
would be as shown in (c). The layer extends into segment 2 but is invisible
(visualized with a dashed line). This can only be achieved by ignoring
the line a the connection. The transformation is then computed using the
remaining three lines and optical flow. If the line is not ignored (d), layer
1 would be compressed by the computed transformation, instead of moved
towards 2.

If 1 is above 2, the transformation of 1 is always correct, no matter if the line
is ignored (e) or not (f). Since lines in general provide better results, it is
even better not to ignore it. However, since the proposed framework needs
to perform best in both situations, it will always ignore the line between
to segments that just started to touch. That way, the transformation is
computed correctly although the depth order is unknown.

In the next frame, method 1 will be able to find out the depth order since
one of the segment is occluding the other.

4. Convex Hull. If no depth relation is available for two segments at all, it is
assumed that segments lying within another segment correspond to fore-
ground objects. Regarding Fig. 4.33, the system will guess that segment
1 is above 2, as long as no confident information using the first method
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1

2

(a) Segment 1 moves left...

1
2

crucial line

(b) ...and starts to touch 2.

1
2

(c) Correct if 1 below 2.

1
2

wrong line

(d) Wrong if 1 below 2.

1
2

(e) Correct if 1 above 2.

1
2

correct line

(f) Correct if 1 above 2.

Figure 4.34: (a) The transformation of segment 1 is computed using its boundary
lines (—). (b) When segment 1 starts to touch 2, using the line at the connection
can lead to a wrong transformation if 1 is below 2, see (c) and (d). For that
reason, the line is ignored, see (e) and (f). See text “Touching of Segments” for
details.

could be gained. Note that the assumption is wrong if segment 2 has a
hole so that 1 is visible although it is below 1.

Whether this assumption can be made or not depends on the application of
the system. If many objects with holes are present, this should be avoided.
However, since the scenarios considered in this work are rather simple, this
fall-back system performs well.

In principe, the algorithm computes the convex hull of the segment and
ignores all lines lying within. By that, only the outer lines that belong most
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1
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...1, 2, 1...

...1, 2, 1...

(a)

1

2

(b)

Figure 4.35: The convex hull (—) of a segment (in this case 1) can be used to
figure out if another segment (here 2) extends into it. Instead of computing the
convex hull to check this, the segment sequences (see 3.3) are used, which gives
in most cases equivalent results (a). However, in some special cases, the results
are not equivalent (b): Two edges of segment 2 lie within the convex hull of 1,
but no sequence (..., 1, ..., 2, ...1, ...) can be found.

probably to the corresponding object are used. In order to avoid the extra
cost of computing the convex hull, the counter Co

i,j that is created during
the computation of the segment’s relations as described in section 3.3 is
(re)used. If its value for a pair of segments i, j is greater than 0, a segment
sequence (...j, ...i, ..., j, ...) seems to exist. In this case, j is inside of the
convex hull of i. This is the case if i, j are Overlapping but also if j only
extends into i as in Fig. 4.35(a). Note that this procedure is not completely
equivalent to computing the convex hull since the segment sequences are
only computed along the x and y axis. As a consequence, cases like in Fig.
4.35(b) are not recognized as segment is 2 extending into 1. However, one
might even prefer this behavior. Furthermore, since the method, contrary
to the first two, is only used to guess if a line is wrong most probably, the
result is not expected to be always right.

5. RANSAC. If a wrong line could not be recognized by any of the previous
methods, the last instance in the framework that might prevent a bad
homography matrix is RANSAC which is described in section 4.3.5. A
wrong line can be seen as an outlier since is does not fit to the other line’s
movement or the optical flow data.

With the first four methods it is determined which boundary lines should be
ignored. However, this computation does not require that the lines itself have
already been found by the Hough transform. As described in section 4.4 the first
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step of the Hough transform is computing the first derivate of the segment in
order to find its border pixels. Then, for each border pixel, votes are created.

If one of the above methods found out that the line between segment i and
j has to be ignored, the corresponding border pixels can be deleted from the
border pixel map. As a consequence, no votes will be created for that pixels
and the Hough transform will not find the lines in the first place. This saves
computational time since no lines that would get deleted later anyway need to
be computed. On top of that, there is another advantage concerning method 3.

1
2

correct line

crucial votes
noncrucial votes

Figure 4.36: Not crucial lines but crucial votes are deleted. This prevents a
correct line to be deleted if only parts of it are crucial.

Note that there is no conceptual difference between segment 1 and 3 in Fig.
4.34. As a consequence, the crucial line would be ignored when computing the
transformation of segment 2. However, this line remains correct no matter if 2
is below or above 1 since many pixels of that line stay visible. Hence, deleting
the line, based on the fact that some parts of it touched another segment, would
ignore many correct pixels.

Since not the lines are deleted but the Hough votes as described above,
fortunately, this problem does not occur. Only the votes in the region where
segment 2 is touched by 1 are deleted (see Fig. 4.36). As there remain many
other uncritical votes, the putatively crucial line is correct.

4.8.2 Preventing Error Propagation

A big drawback of the update process described in section 4.2 is that errors are
propagated. If the computation of Pn is very imprecise because e.g. the optical
flow data is poor, this does not only lead to an erroneous Mn but also to errors
in Mn+1,Mn+2 etc. This can be prevented by using a different update process
as described now.

As described in section 4.3.2, the computation of Pn can be done using both
points and lines. The disadvantage of point correspondences derived from optical
flow is that optical flow is only available for subsequent frames. For that reason,
the update of the mapping can only be done successively.
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When using lines on the contrary, a transformation between any frames can
be computed which means that erroneous frames can be skipped. The only
requirement is that, for each line in one frame, the corresponding line in the
other frame needs to be known.

Fig. 4.37 shows the whole process. For the first two frames, there is no
difference compared to the original procedure (see Fig. 4.5 for comparison): In
the initial frame (n = 0), four lines were found and the transformation to the next
frame is computed just like before, but note that the process relies completely on
line correspondences and no optical flow is used here.

However, when processing the next frame (n = 2), the algorithm checks
whether the same lines could be found as in the previous frame. If yes, then
the transformation is not computed refering to the previous frame what would
give P2. Instead, the initial frame is considered and the matrix P0,2 is obtained.
It is obvious that frame 1 does not affect that computation, especially no error
is propagated. For every following frame that contains the same lines as the
initial frame, the transformation is computed that way. Note that the lines are
still tracked concerning all frames in between in order to guarantee a consistent
line labeling. Finding corresponding lines between distant frames would lead to
mismatchings.

The described algorithm only works as long as lines are constant over a long
period of time. Luckily, this can be assumed in most cases since the shapes of
rigid objects usually are stable. Another requirement is that at least four lines can
be found, thus line correspondences are sufficient for the computation and optical
flow can be completely ignored. If this is not possible e.g. because the object
has less or no edges, the framework has to “fall back” to the original method.
Besides that, as soon as at least four stable lines arise again, the method should
be switched again (see Fig. 4.38).

The algorithm, including this switching-feature, is now described in a more
general way. In the normal case the transformation between two subsequent
frames is computed as described in section 4.2 using points and lines. This mode
will now be called successive mode. The mapping of the layer to the current
frame n is then given by

Mn = Pn ·Mn−1 .

If at least 4 lines in frame n match to lines in the previous frame, frame
s := n− 1 is then marked as the start of a new sequence. Ms is the mapping of
the layer to frame s. Both s and Ms need to be stored when a new sequence is
entered. The algorithm now switches to the skipping mode.

For each subsequent frame it needs to be checked whether all lines could still
be established. If this is the case, the matrix Ps,n is computed. The mapping of
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Figure 4.37: Extension of the mapping update procedure (see text).
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Figure 4.38: Example of how skipping and successive mode alternate depending
on the appearance/disappearance of lines ¶ ... ¼.

the layer to the frame is then given by

Mn = Ps,n ·Ms .

This is obvious because, by that, the layer gets at first transformed so that it
matches frame s and after that the transformation between s and n is applied.

If one line could not be found in the current frame and the total number of
line correspondences shrinks to less than 4, there is not enough data to compute
a matrix Ps,n. From now on, optical flow data is necessary and the framework
switches to successive mode. Note that, as long as the number of available line
correspondences is greater or equal to 4, skipping mode can be continued, since
there is still a sufficient amount of data.

The framework proceeds in successive mode as long as the start of a new
sequence could be found as described above.

4.8.3 RANSAC for Skipping Mode

The method proposed in section 4.8.2 exclusively relies on line correspondences.
However, in section 4.8.1 has been discussed that lines can sometimes lead to
very bad results if one line does not really belong to the segment. Then, the
movement of another segment causes distortion of the homography matrix.

For that reason, some methods have been proposed that recognize or guess
those wrong lines. The RANSAC algorithm is one of them. It treats those wrong
lines as outliers that can be recognized because there are most often enough
correct point and line correspondences.

Since the skipping mode only uses lines, the ratio of correct and wrong lines
can become crucial. In the worst case there might be more outliers than inliers
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and RANSAC would sort out values that would have led to the right result. For
that reason, the standard RANSAC cannot be used in skipping mode. With the
now proposed algorithm, the optical flow data can be included to the computation
of the consensus set so that far more data is available.

In skipping mode, the homography matrix Ps,n between start frame s and
current frame n is computed. It is obvious that optical flow data cannot be
included in this computation since it only contains correspondences x ↔ x′

between n− 1 and n but not between s and n. Thus, only homography matrices
Pn−1,n ≡ Pn between adjacent frames can be computed that way.

However, this matrix includes the transformation between Ps,n and the matrix
Ps,n−1 which was computed in the previous time step:

Ps,n = Pn−1,n ·Ps,n−1 (4.20)

It is not the goal to compute Ps,n by using data of the previous frame because this
would again lead to error propagation that is intended to be prevented. Instead
of that, the optical flow data can be used to check the accuracy of Ps,n. Given
(4.20) and x′ = Pn−1,n x, it is obvious that each point correspondence from
n− 1 to n should fulfill the equation

x′ = (Ps,n ·P−1
s,n−1) x . (4.21)

With that result, RANSAC can be modified the following way: The sample set is
selected from lines only. In order to compute the support of the temporary matrix
P̌s,n, the distances of all available lines is computed using (4.11). For points, a
new distance obtained using (4.21) is used:

d(x′i, (Ps,n−1 · P̌s,n) xi) + d(xi, (Ps,n−1 · P̌s,n)−1 x′i) (4.22)

After finding the sample with the highest support (including the point correspon-
dences), the final homography matrix is computed using only the inlying lines.
Note that the inlying point correspondences are not included to this computation.
If the number of inlying lines is less than 4, the skipping mode is aborted.

The whole procedure can be summarized by the following steps:

1. Randomly select 4 line correspondences as sample.

2. Compute out of the sample the homography matrix P̌s,n using (4.7).

3. Compute the distance of each line correspondence (between frame s and
n) using (4.11) and the distance of each point correspondence (between
frame n−1 and n) using 4.22. Count the number of point correspondences
cpoints having a distance smaller than the threshold tpoints. Also count the
number of line correspondences clines with a smaller distance than tlines.
The support is then given by cpoints + 200 · clines.
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4. Repeat the above steps several times.

5. Use only the lines in largest consensus set to compute the final homography
matrix Ps,n. If less than 4 lines are available, skip to successive mode.

With the proposed steps, wrong lines are recognized in skipping mode by
taking the optical flow data into account.

4.8.4 Changing the Layer’s Perspective

By now, the framework is capable of adding and removing pixels. Hence, the
layers are not static anymore but are getting updated permanently. The only
thing that stays unchanged is the perspective of the layer. This is illustrated in
Fig. 4.39.

nn-1
time/frame

1 1 (a)

(b)

Ln−1 Ln

Mn[L
n−1] Ln

Figure 4.39: New data of segment 1 is mapped to the layers perspective (a).
Since the perspective of the object related to segment 1 improves, the layer’s
perspective is updated (b) so that new data is stored with the best accuracy.

In the initial frame, object 1 is visible edgewise. According to that, the
segment is very narrow and so is the now created layer. Since the object rotates,
the camera gets a better view of the object. However, when adding new parts
of the segment to the layer, the segment is transformed back to the original
perspective of the initial frame (see 4.39(a)). It is obvious that this procedure
can lead to inaccuracy.
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In order to improve the method, layers should always store their data from
the best perspective. This can easily be achieved by checking

|Mn[Ln−1]| ,

which is the number of pixels of the layer after transformation to the current
frame (see 4.5). If it is greater than the layer’s size |Ln−1|, the current frame’s
perspective seems to be better. In this case, the layer data is replaced by this
transformed data, which is denoted as Mn[Ln−1] in Fig. 4.39(b). Note that this
notation includes the cropping of the layer to the minimum size. According to
that, the mapping Mn is reset to

M∗
n =




1 0 tx
0 1 ty
0 0 1


 (4.23)

where tx and ty define the new offset of the layer, similar to the initialization of
layers that was described in section 4.1. Note, that the described procedure is
not an ordinary re-initialization of the layer. The difference is that no invisible
pixels of the layer will get lost. After this change of perspective, the new data of
the frame is added.

4.9 Summary of the Standard Layer Framework

The (standard) layer framework which has been described until this point con-
sists of several modules (see Fig. 4.40). The main module can be summarized
as “Layer Management” containing the initialization of new layers, the compu-
tation of their transformation matrices (homographies) between frames, and the
updating of the layer data, which covers adding and removing pixels.

These procedures require data which is provided by external modules for Im-
age Segmentation and Optical Flow and internal modules which compute the
boundary lines of segments and their depth relations. It is important to note
that some modules can be interchanged by other methods, or new modules can
be added to improve the system’s performance. This section describes some of
these possibilities.

The boundary lines and the optical flow values are used in combination to
compute the homography matrices. However, the homography estimation also
works with one of the both methods, or could be improved by implementing
a third method using e.g. a feature point detection. The tracking of feature
points would allow the “skipping mode” also to work with non-angular segments
(see section 7.2), while the current implementation only works when lines are
available.
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Layer Management

- Initialization
- Transformation
- Update

Segmentation

Boundary Lines Optical Flow

Depth Relations

Stereo Disparity

Feature Points (a)

(b)

Figure 4.40: Block diagram of the standard layer framework. The transformations
of layers are computed using the data produced by (a). The updating of the layers
requires depth relations obtained by (b). Colors: n external algorithms, n layer
framework. Dashed lines indicate optional and future modules.

The computation of the depth relations can also be replaced. Since the
current work is intended to be based on monocular images, the derivation of
depth order is computed by analyzing the segment’s movements. Instead of this,
a module using Stereo Vision3 can be added in order to provide a depth value
for each pixel. This way, not only depth relations but real distances between
segments can be obtained. This was used in Aksoy et al. [3] to remove Touching
and Overlapping relations for segment pairs which are not connected in the 3d
domain.

It is easy to see that the proposed framework is highly modular and can be
reduced or extended according to the needs implied by the application. Never-
theless, the next section covers a more fundamental extension of the system.

3Stereo Vision derives the depth of an image point by establishing its position in the image
from a second camera. The pixel shift (disparity) has an inverse relation to the distance.
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4.10 Estimating Errors of Layers

In the previous chapters, a framework has been proposed that stores each im-
age segment in its own layer while tracking its transformation during the image
sequence. By that, parts of segments that get occluded by other segments are
preserved so that segment permanence can be established (Fig. 4.41). The track-
ing of the transformations is done by evaluating point correspondences (obtained
by optical flow) and line correspondences (obtained by the Hough transform).

n
time/frame

n+1

1 1Mn[L]
Mn+1[L]

L

Figure 4.41: The transformation matrix Mn is used to map the layer L to the
n-th frame. Its computation can obviously use only the visible data, which may
lead to inaccuracies.

An important fact is that the transformation of a layer is obtained by evalu-
ating only the appearance of the corresponding segment. In other words, since a
segment can be seen as the currently visible part of its layer, it is an important
question how precise the segment’s transformation is for the rest of the layer.
For that reason, the framework is extended so that it computes the expected
deviation based on the data that was used to obtain the transformation matrix.

4.10.1 Covariance of the Homography Matrix

A detailed description of the theory behind the error estimation of a homography
matrix can be found in [17]. For that reason, the focus of this chapter is on how
the given results are used to extend the proposed framework. However, a brief
description of the mathematics is given here as well.

An estimation problem like obtaining a homography from measured point
correspondences can be considered in a more general way as follows. One de-
fines a “parameter space” RM and a “measurement space” RN . A function
f : RM → RN maps a parameter vector to the corresponding measurement
vector. This defines a subspace SM with a dimension equal to the number of
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b b

f

p̄ X̄

SM

Parameter Space Measurement Space

b
X

η

Figure 4.42: Function f maps the parameter vector p̄ to the (higher dimensional)
measurement vector X̄. By varying p̄, X̄ moves in the subspace SM and its
dimension is equal to p̄’s degrees of freedom. A measurement with noise X does
not lie on SM but is mapped by a function η to the closest point on it.

degrees of freedom of the parameters. Fig. 4.42 shows a schematic for this with
M = 2, N = 3 and a 2-dimensional subspace SM. The dimension of SM is not
always equal to M , which will be important later.

On SM, f is invertible so that the corresponding parameter vector p̄ of a
measurement X̄ ∈ SM can be obtained by p̄ = f−1(X̄). The overbar indicates
that the entities are noise-free. However, a measurement does not lie on SM in
most cases since noise is present. For that reason, the function η : RN → SM is
defined that maps a measurement vector to the closest point X̃ on SM. Finding
this mapping is the essential part of the estimation process. Given an optimal
estimator, this estimated vector is equal to the true values (X̃ = X̄), while in
realistic implementations the distance d(X̃ − X̄) is called the estimation error.
This error usually decreases when including more measurements, thus expanding
the measurement vector, and the estimated parameter p̃ comes closer to the
correct value p̄.

In the case of homography estimation, the parameter vector has dimension
9 and contains the entries of the transformation matrix P. It is denoted as
p = t(p11, p12, ..., p33) according to section 4.3. The estimated parameter vector
p̃ is obtained using n point correspondences (note section 4.10.4 about the use
of line correspondences) that are gained from optical flow. Since optical flow
finds for each pixel xi the best matching correspondence x′i in the next image,
only the x′i are treated as measurements subject to a Gaussian error distribution
with variances σ2

x and σ2
y, while the xi = x̄i are considered as being fixed.

Consequently, the measurement vector is built by stacking the coordinates of
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each target point: X′ = t(x′0, y
′
0, x
′
1, y
′
1, ..., x

′
n, y

′
n), and its dimension is N = 2n.

The accuracy of the estimated parameter vector depends on the number of
points used for the computation, the precision of the given point correspondences,
and the configuration of the points. It is conveniently captured in the covariance
matrix Σp of the transformation. Since P has 9 entries, Σp is a 9×9 matrix and
its diagonal elements are the variances of the corresponding elements of P.

The goal is to obtain the covariance of the estimated p̃ from the covariance
of the measurement vector X′. For that purpose, the following three theorems
are needed (cited from [17]):

Theorem 1: Forward propagation of covariance. Let v be a random vector
in RM with mean v̄ and covariance matrix Σv, and let f : RM → RN be differ-
entiable in a neighborhood of v̄. Then up to a first-order approximation, f(v) is
a random variable with mean f(v̄) and covariance

Σf = Jf Σv
tJf (4.24)

with the Jacobian matrix of f , evaluated at v̄.

The Jacobian matrix includes the partial derivates of a vector-valued function
y = f(p) with respect to a parameter vector p. It has the form

Jf = Jf (p) =




∂y1
∂p1

. . . ∂y1
∂pn

...
. . .

...
∂ym
∂p1

. . . ∂ym
∂pn




and may also be denoted as ∂y
∂p

.

Theorem 2: Backward propagation of covariance. Let f : RM → RN

be a differentiable mapping and let Jf be its Jacobian matrix evaluated at a
point p̄. Suppose that Jf has rank M . Then f is one-to-one in a neighborhood
of p̄. Let X be a random variable in RN with mean X̄ = f(p̄) and covariance
matrix ΣX. Let f−1 ◦ η : RN → RM be the mapping that maps a measurement
X to the set of parameters corresponding to the maximum likelihood estimate
X̃. Then to first-order, p̃ = (f−1 ◦ η)(X) is a random variable with mean p̄ and
covariance matrix

Σp = ( tJfΣ
−1
X Jf )

−1.

In the context of homographies arises the problem that the set of parameters
is redundant. Although the matrix has 9 entries, it has only 8 degrees of freedom.
Such case is called over-parametrized. In particular, the matrix kP represents the
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same map for any k. For that reason, the mapping f is not one-to-one (injective)
in the neighborhood of p̄. As a consequence, Jf has rank d < M where d is the
number of essential parameters, thus 8. In that case, the inverse ( tJfΣ

−1
X Jf )

−1

cannot be computed since full rank would be required.
Furthermore, since the homography can be multiplied by an arbitrary constant

k without changing the mapping, the entries of the matrix can vary without bound
and hence have infinite variance. For that reason, the estimated parameter set
has to be restricted to lie on an 8-dimensional surface SP. This is usually done
by demanding ‖p‖ = 1 with the Frobenius norm

‖p‖ =

√∑

i,j

p2
i,j .

With that restriction, the parameter vectors lie on a unit sphere and every tan-
gential plane is perpendicular to the parameter vector. Furthermore, the function
f is invariant to changes of the scale: f(p) = f(kp). Consequently, its Jacobian
matrix Jf has a null-vector in the radial direction. It can be found that in cases
like this, where the parameter vector is constrained to a surface locally orthogo-
nal to the nullspace of Jf , the inversion can be replaced by the pseudo-inversion.
This is the content of the following theorem (cited from [17]):

Theorem 3: Backward propagation of covariance - over-parametrized
case. Let f : RM → RN be a differentiable mapping taking p̄ to X̄ and let Jf
be its Jacobian matrix. Let a Gaussian distribution on RM be defined at X̄ with
covariance matrix ΣX and let p̃ = (f−1 ◦ η)(X) be the mapping taking a mea-
surement X to the maximum likelihood estimate parameter vector p constrained
to lie on a surface SP orthogonal to the null-space of J. Then f−1 ◦ η induces a
distribution on RM with covariance matrix, to first-order equal to

Σp = ( tJfΣ
−1
X Jf )

+. (4.25)

The last theorem can now be used to compute the covariance of the homo-
graphy matrix. Firstly, the Jacobian matrix J = ∂X′ / ∂p has to be considered.
As X′ is a composed vector of the image points x′i in the second image, its
Jacobian matrix has the form

JX′ =




tJx̂′1
tJx̂′2

...
tJx̂′n


 .
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with the Jacobians Jx̂′i of each point with size 2× 9. The dependence of x′

of p is given by x′ = Px. Note that this equation is in homogeneous coordinates
and needs to be transformed back to euclidean coordinates so that the third
component of x̂′ equals 1. Consequently, the Jacobian is obtained by computing
the derivate of Px/[Px]3 with respect to all entries of P. The result is

Ji := Jx̂′i(p) = ∂x̂′i / ∂p =
1

w′i

(
txi

t0 −x̂′i txi
t0 txi −ŷ′i txi

)
, (4.26)

where x′ = Px = t(x′, y′, w′) and x̂′ = t(x̂′, ŷ′) = t(x′/w′, y′/w′).
The covariance matrix ΣX′ also has a decomposition. Since the image vectors

x′i are measured independently, is has the form

ΣX′ =




Σx̂′1 . . . 0

...
Σx̂′2 .... . .

0 . . . Σx̂′n


 ,

where Σx̂′i is the 2× 2 covariance matrix of the i-th point. If the measurements
of the x- and y-component are independent, this is a diagonal matrix and the
diagonal elements are set to the expected variances σ2

x and σ2
y. Given ΣX′ and

JX′ , the computation of the homography’s covariance is given by (4.25). How-
ever, due to their decompositions, the computation can be expressed using a sum
instead of building the large matrices, which is of advantage when dealing with
a large number of measurements:

Σp =
(

tJX′(p) Σ−1
X′ JX′(p)

)+
=

(∑

i

tJi Σ
−1
x̂′i

Ji

)+

(4.27)

By that, the framework is extended not only to estimate the homography
but also to compute the covariance matrix. Consequently, the confidence of the
estimation is no longer unknown to the system.

4.10.2 Covariance of a Transformed Point

Now that the covariance of the homography matrix is known, the following ques-
tion states how confident the transformation of an arbitrary point x to x′ is.
Given the covariance Σp of the homography, the covariance of x′ can be com-
puted using (4.26) and (4.24):

Σx̂′ = Jx̂′(p) · Σp · tJx̂′(p) (4.28)
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(a) Input data used to compute the transformation from green to blue pixels.
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(b) Deviation σx and σy of transformed pixels.
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y is color-coded. Additionally,

some contour lines are given for better comparison to other images in this section.

Figure 4.43: The points marked as “input data x” and “input data x′” in (a)
were used to compute the transformation matrix P1. While the points xi are
assumed to be precise, the target points x′i have a standard deviation of 1px.
Using P1, any pixel can be transformed which is shown for some pixels marked
as “test data”. However, their expected deviation varies dramatically with their
position relatively to the input data as can be seen in (b).
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Fig. 4.43 shows an example. The parameters of a homography were estimated
using 10 point correspondences xi 7→ x′i. The xi are considered noise-free while
the x′i have a standard deviation of σx = σy = 1px. When applying the obtained
transformation to the input points, their deviation is more or less as specified.
However, when transforming some test points that were not included in the
estimation, their deviation increases dramatically with higher distance from the
input points.

As the proposed framework computes the transformation of a layer using its
visible pixels, the use of (4.28) allows for estimating its uncertainty with respect
to invisible pixels. A case in which large deviations are to be expected was shown
in Fig. 4.41.

4.10.3 Covariance of a Matrix Product

In the previous sections it was described how the covariance of a homography
can be obtained using the point correspondences. Since the proposed framework
computes the transformations of layers by chaining frame-to-frame homographies,
the propagation of the covariance needs to be concerned.

Uncertainty in both Matrices

As described in section 4.2, the transformation matrices obtained for subsequent
frames are multiplied in order to update the mapping of the corresponding layer
to the current frame:

Mn = Pn ·Pn−1 · ... ·P1 ·M0

= Pn ·Mn−1

Given the covariance Σmn−1 of the layer’s transformation to the last frame and the
covariance Σpn of its transformation between the last and the current frame, the
covariance Σmn of the multiplied matrix needs to be computed. For simplicity,
this multiplication is now denoted as M = P1P2. The parameter vectors of these
matrices are denoted as m = t(m11,m12, ...,m33), p1 = t(p1

11, p
1
12, ..., p

1
33) and

p2 = t(p2
11, p

2
12, ..., p

2
33).

Since M is a homography matrix and thus only defined up to a constant, the
normalized matrix

M̂ =
P1 P2

‖P1 P2‖

is considered in the following, just as in section 4.10.1. The covariance of the cor-
responding parameter vector m̂ = t(m̂11, m̂12, ..., m̂33) is computed by applying
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(4.24). For that, the dependence of m̂ with respect to p1
11, p

1
12, ..., p

1
22, p

2
11, p

2
12, ..., p

2
22

has to be established – it is given by the Jacobian matrix Jm̂(p1,p1) which is a
9× 18 matrix with the decomposition

[
Jm̂(p1) Jm̂(p2)

]
.

The normalization of M̂ respectively m̂ requires the use of the product and
quotient rule when computing the derivates:

Jm̂(p1,p2) =
1

‖m‖
∂m

∂[p1 p2]
+ m

∂‖m‖−1

∂[p1 p2]

=
1

‖m‖
∂m

∂[p1 p2]
− m

‖m‖2

∂‖m‖
∂[p1 p2]

=
Jm(p1,p2)

‖m‖ − m̂
J‖m‖(p1,p2)

‖m‖

The Jacobian matrix of the unnormalized m is given by

Jm(p1,p2) =




tP2 1 p1
00 1 p1

01 1 p1
02

tP2 1 p1
10 1 p1

11 1 p1
12

tP2 1 p1
20 1 p1

21 1 p1
22




with the 3 × 3 identity matrix 1. The 1 × 18 Jacobian matrix of the Frobenius
norm of vector m is

J‖m‖(p1,p2) =
[
M̂1 tP2 M̂2 tP2 M̂3 tP2 M̂1 tP1 M̂2 tP1 M̂3 tP1

]
,

where M̂i denotes the i-th row of M̂.
Finally, the covariance matrix of the parameters is given by

Σp1,p2 =

[
Σp1

Σp2

]

since zero correlation between p1 and p2 is assumed. The covariance of M̂,
respectively m̂, is then given by

Σm̂ = Jm̂(p1,p2) · Σp1,p2 · tJm̂(p1,p2) (4.29)

according to (4.24).
Continuing the example from Fig. 4.43, another transformation is computed

in Fig. 4.44. Chaining both transformations maps the pixels directly, and the
covariance is computed as given in (4.29). Fig. 4.45 shows the respective plot.
It can be compared to Fig. 4.46 showing the result for a transformation that was
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directly computed with the points xi from Fig. 4.43 and x′i from Fig. 4.44. It is
obvious that the expected deviation is lower. This fact is the justification for the
proposed skipping mode (see section 4.8.2) that computes the transformation
not successively from frame to frame but between distant frames. However,
this is only possible if the points can be matched between any frames which is
not the case when using optical flow. It only offers point correspondences for
subsequent frames. (For that reason, the skipping mode currently only works if
line correspondences are available.)

Consequently, a successive computation of the transformation is still necessary
so that (4.29) for estimation the propagation of covariance is an important result.

Uncertainty in one Matrix

A simpler case is a matrix product were only one matrix is assumed to have an
uncertainty. Regarding the update process

Mn = P0,n ·M0 = Pn ·Pn−1 · ... ·P1︸ ︷︷ ︸
covariance ΣP1,n

· M0︸︷︷︸
fixed

of the transformation, the matrices Pi are obtained using optical flow while M0

(“placement matrix”) represents the position of the layer in the first frame. As
described in section 4.1, this is done in order to minimize the layer’s size. During
this layer initialization, the segment is just copied to a new array which shift
relative to the image origin is stored in M0. This matrix is assumed to have no
uncertainty.

In the next frames, given the transformation P0,n and its covariance matrix
ΣP0,n , the covariance of Mn = P0,n ·M0 needs to be computed where only the
left matrix has an uncertainty

Another case in which this is needed is the change of a layer’s perspective
described in section 4.8.4: The transformed layer is stored into a new array and the
transformation matrix Mn is reset to a placement matrix (4.23) which is denoted
as M∗

n. Since a placement matrix of a layer is always treated as a fixed matrix
without uncertainty, the covariance information of the transformation that had
been computed until this frame, would get lost. As a consequence, the covariance
of the transformed layer pixels would be zero, which is wrong since the change of
perspective did not reduce or compensate the uncertainty of the layer but only
altered the data representation.

In order to preserve the estimation of the uncertainty, the transformation after
the change of perspective is denoted as M′

n = P∗n M∗
n with the identity matrix

P∗n. For this identity matrix, a covariance matrix ΣP∗n has to be found so that
M′

n and its ΣM′n produce the same point uncertainties (using (4.28)) as Mn and
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(a) Input data used to compute the transformation from green to blue pixels.
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(b) Deviation σx and σy of transformed pixels.
√
σ2
x + σ2

y is color-coded. The contour

lines are at same levels as those in Fig. 4.44.

Figure 4.44: The target pixels x′i from Fig. 4.43 are used to define a new set of
input data xi in order to compute a second transform P2 that moves them to
the x′i. As before, an uncertainty of again 1px is assumed in the measurement
of x′i.
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Figure 4.45: After the partial transformations P1 and P2 have been computed
together with their covariances, the combined transformation M = P2P1 can
be applied to the initial pixels xi shown in Fig. 4.43(a) so that they are directly
transformed to the x′i shown in Fig. 4.44(a). As the covariance of M is given
by (4.29), the covariance of each pixel can be obtained by (4.28), the result is
shown here for the input and the test data, as well as color-coded for all other
pixels.
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(a) Input data used to compute the transformation matrix
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(b) Deviation σx and σy of transformed pixels.
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y is color-coded.

Figure 4.46: For comparison, a transformation P12 is computed directly from the
xi in Fig. 4.43 to the x′i in Fig. 4.44. It can be seen that the covariance of the
transformed pixels is lower than for P2P1 which is shown in Fig. 4.45.
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Figure 4.47: Derivation of the covariance after a change of perspective, which
was described in (4.23). (a) shows the old layer, (b) the new. See text for further
details.

its ΣMn did before. The solution for this is derived as follows, see Fig. 4.47
for a visualization. A transformation from the new and the old layer is given
by M−1

0 P−1
0,n M∗

n. By chaining the transformation of the old layer to the current

frame Mn = P0,n M0, one obtains P0,n�����M0 M−1
0 P−1

0,n M∗
n, which has to be equal

to M′
n = P∗n M∗

n. Consequently, the solution is to implicitly transform the new
layer back to its appearance in the first frame using P−1

0,n and then transform it
back again with respect to the old covariance matrix ΣP0,n :

P∗n = P0,n︸︷︷︸
cov. ΣP0,n

· P−1
0,n︸︷︷︸

fixed

Again, only the left matrix has a covariance. For simplicity, this matrix product
is now denoted as M = PT where T is fixed and P has an uncertainty given by
the covariance Σp. The normalized matrix M̂ = PT

‖PT‖ has the parameter vector
m̂ and the computation of its covariance matrix is very similar to the one in the
previous section. It is

Σm̂ = Jm̂(p) · Σp · tJm̂(p) (4.30)

with

Jm̂(p) =
Jm(p)

‖m‖ − m̂
J‖m‖(p)

‖m‖
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according to (4.24). However, the Jacobian matrices

Jm(p) =




tT
tT

tT




and

J‖m‖(p) =
[
M̂1 tT M̂2 tT M̂3 tT

]
,

where M̂i denotes the i-th row of M̂, only depend on p and not on t since the
latter has no uncertainty.

4.10.4 Computation of the Covariance Using Lines

In section 4.10.1 was described, how the covariance matrix of a homography is
computed. However, result (4.27) only takes the point correspondences x′ = Px
into account. Since the framework also uses line correspondences l′ = tP−1l to
compute the homographies, this computation has to be extended.

On way is to extend (4.27) by a second sum over the line vectors

Σp =

(∑

i

tJx̂′i Σ−1
x̂′i

Jx̂′i +
∑

j

tĴl′j
Σ−1

l̂′j
Ĵl′j

)+

,

where Σl̂′j
denotes the covariance of each line vector and Ĵl′j

is the Jacobian

matrix of l̂ =
tP−1l
‖ tP−1l‖ . The problem of this approach lies in obtaining Σl̂′j

. For

point correspondences, the expected variance of the point coordinates can be set
to a constant value. This is not that easy with line correspondences, since the
accuracy of a line depends on the distribution of the belonging points. Fig. 4.48
shows an example for that. During the computation of the Hough transform, the
distinct pixel coordinates get lost (by design) when creating the accumulator. In
other words, they they do not have a representation in the parameter space which
only holds a line’s angle and distance from the origin. One could take the level of
the peak in the accumulator into account, but the number of border pixels, which
an accumulator entry stands for, does not say anything about their distribution
in the image. Hence, re-establishing the pixel coordinates would be an additional
effort but is necessary for a correct covariance estimation of each line.

In the proposed framework, this is left out because using the available point
correspondences has turned out to be sufficient for the error estimation of the
homography. In skipping mode, where no point correspondences are available,
those are artificially created by xi = P−1 si where si denotes all pixels of the
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1

(a)

1

(b)

Figure 4.48: Although the lines found by the Hough transform are identical in
(a) and (b), the accuracy of the two vertical lines lines in (b) is higher since the
border pixels are better distributed. The Hough transform itself cannot recognize
this.

segment in the current frame. Note that (4.27) only contains the points xi in
the first image and the expected variance of their correspondences in the second
image, but not any measurement in the second image – the vector x′i is given
by Pxi. For that reason, no real point correspondences need to be available.
With that “trick”, a simple though approximative estimation of the covariance
in skipping mode is achieved (see Fig. 4.49 together with Fig. 4.37).
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Figure 4.49: In skipping mode (see also Fig. 4.37), the transformations Ps,n are
computed using line correspondences, while the belonging covariance matrices
ΣPs,n are obtained using the segment pixels. Although this is not exact, this is
used because, with this implementation, it is not necessary to compute individual
line variances (see text).
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Chapter 5

Ascertaining Object Permanence

The layer framework described in the previous chapter can be seen as a toolkit
for higher level analyses. It will be used now to recognize segment splits and to
track occluded segments.

5.1 Re-merging Split Segments

One of the most important problems of building semantic scene graphs is that
the output of the image segmentation is is not stable against occlusions. The
most essential issue is the “splitting problem” which is addressed in this section.

By tracking the segments and mapping the layers to the frame, hidden parts
of the segments can be determined. The key aspect of this procedure is that new
segments can be checked whether they belong to an already known segment.
This is illustrated in Fig. 5.1. Segment 2 moves behind segment 1 and gets
partially occluded. The layer framework can track the hidden parts of 2. As it
comes out on the other side of 1, the segmentation algorithm will create a new
segment with a new label. Due to the tracking of layer 2 it can be established
that the new segment is a part of it.

To do this, each time a new segment is found, the framework checks all
available layers whether the new segment fits into it. Note that the mapping
of the layers has an expected deviation as described in section 4.10. Hence,
a layer is not only transformed to the frame – an expected deviation of each
transformed pixel is also obtained. Regarding the outer pixels of a layer, their
expected deviations σx and σy define an area around the layer. According to
Chebyshev’s inequality, with a probability of 95%, a transformed pixel lies within
a range of 2σ around the mean value. Hence, when mapping a layer to the frame,
this is not done pixel-wise – instead of that, each pixel of the layer is mapped as
an rectangle with side lengths 2σx and 2σy to the frame.
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Figure 5.1: Segment 2 moves behind segment 1. By tracking layer 2, the position
of its hidden parts is always known. That way, a new segment appearing when
2 comes out at the other side of 1 can be relabeled to 2. The method takes the
expected deviation of 2 into account (see text).

The resulting area covers all pixels in the image that might belong to the
layer with at least 95% probability. The area exceeds the original layer mostly in
areas that are lateral to visible pixels of the layer as discussed in 4.10. Since the
accuracy of the transformed pixels in these regions is low, the matching of a new
segment with the original layer could be bad in extreme situations. Since the area
increases with larger deviations, this is not the case with the proposed method.
Naturally, the error estimate has to be correct. Else, recognition of splitting can
fail.

An additional condition to recognize that a new segment belongs to an already
known one, is that both move coherently. In terms of homographies, the trans-
formation matrices have to be same. If this is not the case, both parts cannot
belong together. Hence, the distance of each point transformed by P2

n−1,n and
P3
n−1,n, which determine the segment’s transformations from the last to the cur-

rent frame, is computed. Then, the average distance of all points is checked. In
case of a perfect match, it should be zero. However, since the matrices where es-
timated with some error captured by their covariance matrices, an error threshold
is accepted given by the sum of expected deviations of the transformed points.
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5.2 Tracking Hidden Segments

The layer framework, that was described up to here, only works with segments
that are always visible apart from partial occlusions. If a segment is completely
occluded, no transformation matrix can be computed and, as a consequence, no
further tracking is possible. However, humans are able to do this, at least to a
certain extend: Consider a hand holding an object. If the hand moves behind
another object, the rest of the arm still allows us to estimate where the object
is. A more advanced example is the “shell game” where a small ball becomes
occluded by one of three shells. After shuffling the shells around by the operator,
the player has to guess under which shell the ball is. On the one hand these
examples show that a human is able to track hidden objects even when they are
moving. On the other hand, it proves that even the brain can be trapped in that
complicated task which is why the shell game operator usually makes a lot of
money with it.

100501
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1

Figure 5.2: The surfaces of a rotating box vanish and reappear. In the latter case,
they are assigned a new label by a standard pixel-based segmentation algorithm.
Only a high-level method can recognize already known segments and restore their
old label.

In the current work, this problem is approached using a far more basic example.
Consider a box (see Fig. 5.2) that is rotating so that one of its surfaces becomes
invisible while another appears. If the box rotates further or if it rotates back,
a hidden but already known surface will become visible again. Considering the
surfaces as segments, a standard pixel-based segmentation algorithm is not able
to recognize this and will assign the segment a new label as if the surface was
unknown.

Obviously, this problem is related to the “splitting problem” since one could
regard the box are being split so that one of its parts (the reappearing side)
is assigned a new label. However, since the sides of the box are not lying on
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a common plane, this problem cannot be solved with the method proposed in
section 5.1. This section deals with extending the proposed framework by mecha-
nisms to track invisible segments based on visible segments which have previously
been observed to move in a coherent way. This will be referred as the “binding
problem”. Two methods with different advantages/drawbacks are proposed.

5.2.1 Line-based Correlation Determination

Regarding Fig. 5.2, it can be seen that the hidden segment 1 is not completely
invisible since its junction lines to segment 2 and 3 are still observable. Hence,
when dealing with squared objects like the box, this can be used to compute the
transformation matrix of a hidden segment based on two bordering segments.

However, not every neighbor segment can be used for that purpose, for exam-
ple the background. Obviously, the background is completely independent from
the hidden segment and does not hold any information about its position. The
decision, which two segments can be used to obtain a hidden segment’s position,
can only be made in advance while the segment is still visible. This step will be
called correlation determination.

The boundary lines in the segmented image are obtained segment-wise as
described in section 4.4. The first task is to find common lines between segment
pairs. Furthermore, it has to be checked with each new frame, if these line-
matches are still valid. If not, it might have been the case of a “wrong line” in
the sense of section 4.8.1, e.g. a line between an object and the background. It is
also possible that a former correlation between segments just broke up. However,
if a stable common line could be established for two segments, this will be called
a correlation.

If one segment is correlated to two other segments, its position can be es-
tablished at least on the condition that the corresponding lines are not identical
(lie on top of each other). As described in section 4.3, the computation of the
transformation matrix requires at least four points or lines. As a consequence,
knowing two common lines is not enough – it is necessary to establish four points
on those two lines in a general position which means that there are not three
points in one line.

The implementation of the correlation determination is as follows. The layers
are extended so that so-called alignment points (AP) can be stored by a unique
ID. It would also be possible to store the APs within the layer array but it is
more efficient to save them separately in an associative array IDi 7→ zi where
zi is the AP’s location in the layer’s coordinate system. New AP’s are added
when a common line between two segments was found. In that case, at least
two points on that line are selected and stored as new APs in both layers (see
Fig. 5.3). Since the line was found in image coordinates, each new point has
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Figure 5.3: The layers are extended to store alignment points (a). Those are
mapped to the frame just like the ordinary layers (b). If, in reverse, the positions
of the alignment points in the frame are known, they can be used to transform
the whole layer. This is done in (c) for invisible segment 1 by using the positions
of the alignment points found in layer 2 and 3.
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to be transformed to the coordinate system of the corresponding layer using its
inversed transformation matrix. Therefore, each of the new points is transformed
according to the respective layer but stored under the same ID. That way, it will
later be possible to match APs in different layers.

So, while each layer has its own list of APs, two layers can include one or more
common APs (with identical ID) in their list. Now, given the positions z′i in the
frame of a sufficient number of APs, a transformation matrix M can be computed
that transforms the layer so that the APs match the desired positions: z′i =
M zi. Consequently, this is an alternative method to map the layer to the frame.
Contrary to the transformation update processes in “successive” and “skipping
mode” (described in section 4.2 respectively 4.8.2), the computation of the matrix
is done directly between layer and frame using the point correspondences zi ↔ z′i
(see section 4.3 for a description of the estimation of homographies).

Obviously, the AP’s target positions z′i have to be known. If a layer is invisible
and its mapping to the frame shall be computed using its APs, all currently visible
layers have to be checked whether they include some common APs recognizable
by their matching ID. If this is the case, the positions of the APs in the frame are
given by the visible layer’s transformation. As an example, let the APs of a hidden
layer be zh1

1 , ..., z
h1
4 where the lower index denotes the AP’s ID. Furthermore, let

zv2
1 , z

v2
2 and zv3

3 , z
v3
4 be the AP’s of two visible layers. Note that segment v2

has the APs with ID 1 and 2 in common with h1, while v3 has with it the
common APs 3 and 4. Mv2

n and Mv3
n are the transformation matrices of the

visible layers to the current frame which have been obtained by the standard
update process. Then, the transformation matrix Mh1

n can be computed using
the following correspondences:

zh1
1 ←→ zh1′

1 = Mv2
n zv2

1

zh1
2 ←→ zh1′

2 = Mv2
n zv2

2

zh1
3 ←→ zh1′

3 = Mv3
n zv3

3

zh1
4 ←→ zh1′

4 = Mv3
n zv3

4

This is the minimum case of four correspondences that need to be in a general
position. If more AP’s are available, they all enter the computation making it
more stable. Consequently, when a new common line is established, 20 APs are
created.

Besides adding new APs, it is important to check if the already stored APs
are still valid. Theoretically, the APs with identical IDs should be mapped to
the exact same image point by all layers including it. If not, the correlation is
broken. However, since the individual homographies are estimated with an error,
a correlation has to be maintained within a range of deviation. Since the expected
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variance of each transformation is known to the system (see section 4.10), the
APs also have a deviation estimate. The allowed distance between two APs with
same ID is then given by the sum of both deviations. If this range is exceeded,
the APs are deleted. However, this does not mean that the two layers are not
correlated anymore – this is only then the case when all common APs have been
deleted.

5.2.2 Homography-based Correlation Determination

The most important drawback of the previously described method is that corre-
lated layers have to have junction lines. This restricts its applicability to rectan-
gular segments. In order to cope with arbitrary segment shapes, another method
for creating alignment points has to be found.

1 2 2

3

1

(a) (b)

3
A2,3 x = λx

A1,3 x = λx
A1,2 x = λx

P1
n−1,n, P

2
n−1,n, P

3
n−1,n

Figure 5.4: If the segments are not rectangular, their junction line is invisible.
However, it can be found by computing the points that are equally transformed
by the matrices P1

n−1,n and P2
n−1,n of the putatively correlated segments 1 and

2 (analog for pairs 1, 3 and 2, 3). It is given by the degenerate eigenspace of the
relative homography A1,2 (see text).

The junction lines between two segments used in the previous section have
the essential property that all points on it are transformed identically by the
transformation matrices of both layers – if this was not the case the junction line
would not be constant since the touching border pixels would move apart.

Instead of selecting those visible lines which fulfill this condition, it is also
possible to use the condition to determine those lines (see Fig. 5.4). Given the
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transformation matrices P1 and P2 of two putatively correlated segments, one
needs to find points that are transformed equally by both according to

P1 x = cP2 x , (5.1)

where the factor c takes into account that the point vectors in homogeneous coor-
dinates are defined only up to a scale. For this purpose, the relative homography
between P1 and P2 is regarded:

A12 = P−1
1 P2

Transforming a point x according to A12, hence at first by P2 and afterwards
backwards using the inverse of P1, one will reach the original point (up to a
scale) in case (5.1). This can be written as

A12 x = λx.

Consequently, the fixed points of A12 are given by its eigenvectors. As this is a
3 × 3 matrix and has three eigenvectors, there can be up to three fixed points
in case of distinct eigenvalues. However, if two eigenvalues, say λ2 and λ3, are
identical but have distinct eigenvectors e2 and e3, then the whole line containing
those vectors is fixed point-wise. All points on this line are given by x = αe2+βe3

and consequently are eigenvectors of A12:

A12 x = λ2αe2 + λ2βe3 = λ2x

If even the eigenvectors are the same, then the transformation has one less fixed
point. As a simple example for the determination of fixed points, let

P1 =




1 0 0
0 1 0
0 0 1


 , P2 =




1 0 0
0 2 0
0 0 1


 .

The eigenvalues of P−1
1 P2 are λ1 = λ3 = 1 and λ2 = 0.5 with the eigenvectors

x1 = t(1, 0, 0), x2 = t(0, 1, 0) and x3 = t(0, 0, 1). Consequently, all points on
the line through x1 and x3 are fixed. x1 is the point at infinity on the x-axis since
the euclidean coordinates are obtained by dividing by the last vector component
and “1/0 =∞”. x3 is the origin. Hence, all points on the x-axis are fixed which
is clear when looking at the matrices: P1 is the identity and P2 multiplies all
y-values by two. The points that are transformed identically by both matrices
must have y = 0.

A second example is

P1 =




1 0 10
0 1 0
0 0 1


 , P2 =




1 0 0
0 1 0
0 0 1


 .
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The eigenvalues of P−1
1 P2 are λ1 = λ2 = λ3 = 1 with the eigenvectors x1 =

x3 = t(1, 0, 0) and x2 = t(0, 1, 0). There are only two fixed points and both are
at infinity. Consequently, no image points are transformed equally by P1 and P2

which is also obvious regarding the matrices: The first moves all points by 10 on
the x-axis while the second is the identity.

As a last example, let P1 and P2 both be the identity. The eigenvalues of
P−1

1 P2 are λ1 = λ2 = λ3 = 1 with x1 = t(1, 0, 0), x2 = t(0, 1, 0) and x3 =
t(0.09, 0, 1). These three eigenvalues define three point-wise fixed lines. However,
since eigenvectors are orthogonal to each other, any point can be written as
x = αe1 + βe2 + γe3. It follows

A12 x = λ1αe1 + λ1βe2 + λ1γe3 = λ1x

which shows that all points in the image are transformed equally.
Note, that the same considerations can be performed considering the matrix

tA−1
12 which transforms line vectors (see section 4.3.2). By looking at the eigen-

values/eigenvectors of this matrix, fixed lines can be found. However, they are
not necessarily fixed point-wise which means that all points on it are mapped to
the same line but not to the same points on the line.

With that knowledge, the correlation determination, which only works on
the transformation matrices of the layers, is performed as follows. For each
frame, for each segment s the transformation Ps

n−1,n between the current and the
previous frame is obtained. For each pair of segments, the relative homography
is computed and checked for degenerate eigenvectors (eigenvectors with identical
eigenvalues). Due to the presence of noise, a small deviation of the eigenvalues
is allowed. Furthermore, since complex eigenvalues can occur which do not
represent an image point, only (close to) real eigenvalues are considered.

Between two degenerate eigenvectors, a line is constructed from which a
number of alignment points is selected and saved as described in the previous
section. If all three eigenvalues are identical and the eigenvectors are distinct, a
number of alignment points over the whole image are created.

From here, the procedure is the same as in the previous section: Already stored
APs are checked whether they are still valid, and else deleted. The transformation
of a hidden layer is also the same since it does not matter how the APs have
been obtained.

5.2.3 Benefits and Drawbacks

With both methods, it is possible to compute the transformation of an invisible
layer. By that, a reappeared segment can be recognized if it fits to the layer.
This matching is done as described in section 5.1.
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The proposed methods enable the framework to track hidden segments based
on the transformation of some correlated visible layers. The correlation has to be
established before the segment disappears. The second method (section 5.2.1)
has the advantage that it does not rely on lines. For that reason, it can cope
with non-rectangular segments. Apart from that, it is more elegant to obtain the
correlations by taking the transformation matrices into account which capture
the movements of the segments quite nicely.

However, the line-based method tends to be more precise since the found lines
are exactly the boundaries, given that the errors of the segmentation are low.
Obtaining the same lines using the estimated homographies is not that simple.
Furthermore, fixed lines are often found even if the segments are not correlated.
E.g. if a surface rotates around an axis, the points of the corresponding segment
lying on that axis do not move in the image. However, this line may then be
recognized as being correlated to the background segment where this line is also
constant. More generally spoken, to have no correlation would require the relative
homography to have three different eigenvalues or three identical eigenvalues and
eigenvectors. In this case, no fixed line exists. However, movements of segments
can temporarily be similar. The alignment points that have been created on a
wrong line have to be deleted if it turns out that they are not correlated. So,
verifying and deleting wrong alignment points is essential for a stable performance.
A comparison of results obtained with both methods is given in section 6.3.

100501
time/frame

1 2

hidden segment

1 2

2

b

b

b

b

b

bb

b

b

Figure 5.5: The proposed methods for tracking an invisible segment require that
at least four alignment points in a general position are available. This is in most
cases only possible if two correlated segments are known (and visible). In some
situations this is not the case as shown here: Only three points in one line are
available.

A more conceptual problem is shown in Fig. 5.5. In order to compute a ho-
mography, at least 4 points in a general position are required. Consequently, at
least four alignment points are needed that do not lie in one line. This is in most
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cases only possible if at least two segments are correlated. An exception is, when
two segments have two common lines or when the two segments are correlated
over the whole area thus always have the same transformation matrix. (The rela-
tive homography has then three identical eigenvalues with distinct eigenvectors).
Hence, if not enough alignment points are available, the transformation of the
hidden segment cannot be obtained.

In general, it should be possible to derive the hidden segment’s position based
on only one other segment. Regarding a box like in Fig. 5.5, the shapes of the
surfaces on the image plane can be varied by rotating the box. Given the shapes
of two neighbored sides, there is no way to rotate the box so that the appearance
of one side changes while the other’s stays the same. This can only be achieved
e.g. by changing camera parameters like “zoom” while moving the box away.
By excluding those parameter changes, one might use the results of [47] showing
that the relative homographies over an image sequence have certain constraints.

Regarding the introductory example of the shell game, there are cases in which
the correlation starts and ends while the corresponding segment is occluded. That
kind of cases are also not captured yet (see section 7.2).

Furthermore, chains of correlations are not supported yet but could be added
with little effort: Regarding Fig. 5.2, the box may continue the rotation so that
segment 2 also vanishes. To obtain the position of hidden segment 1, at first,
hidden segment 2 would have to be transformed using its correlation to 3 and 5.
Hence, finding the correct order of the computations is the key part of obtaining
the positions of all hidden segments. It could be implemented by representing
the correlations by a tree.
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Chapter 6

Results

The discussed issues of updating/tracking layers, “splitting” and “binding prob-
lem” that were discussed in the previous chapters by looking at theoretical ex-
amples will now be examined in some complete image sequences. Fig. 6.1 shows
an overview.

“Moving Camera” “Real Splitting” “Real Box”

“Art. Splitting 1” “Art. Splitting 2” “Art. Splitting 3” “Art. Box”

Figure 6.1: Overview of the image sequences used to test the performance of the
proposed framework. Real as well as artificial images are used.

The real image sequences were recorded using a 25fps camera in the lab where
good lightning circumstances are given. It was taken care of that the velocities
are slow enough to gain correct optical flow values. Besides that, only textured
objects were used since optical flow algorithms have problems with untextured
regions. However, the image segmentation works best with homogeneous areas.
For that reason, an artificial texture was created for the box that fulfills both
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conditions to a certain degree (the wooden table surface is directly appropriate
for that purpose). Note that, in the context of this work, optical flow and image
segmentation are “external” technologies.

In order to completely remove any external influence, also some artificial
sequences have been created using the open source 3D content creation suite
Blender1. Creating the scenes using some basic objects, which were assigned
different colors, and disabling all mechanisms related to shading allows for ob-
taining images that can be used as segments so that no external segmentation
algorithm needs to be used. Besides that, the speed at each pixel can be stored
as a grayscaled image and used in place of optical flow. A detailed description
of how Blender has to be set up for this purpose is left out here. It is important
to say that the artificial sequences presented in this work can be seen as free
of random error. However, some systematic error caused by exporting the data
from Blender by saving it as grayscaled images cannot be avoided.

6.1 Keeping Layers Up-To-Date (“Moving Camera”)

The intention of the first presented video is to show how layers are created and
updated during the sequence. Fig. 6.2 shows an excerpt of the original images.
The scene consists of a table and a box that is held over the table.

The results are shown in Fig. 6.4. At first, the image segments were obtained
by the segmentation algorithm (first column). It can be seen that lots of segments
were found that correspond to different objects/parts of objects e.g. the sides
of the box or parts of the floor. However, only the table represented by segment
number 47 is considered in this example; but note that the described processes
are applied to all available segments.

In the first frame, the layer L47, that represents the table, is created. Since
there is a foreground object—the box is held over the table—some parts of the
surface are occluded. Consequently, the layer only contains the visible parts (first
row (frame 1), second column).

As the camera and the foreground object are moving, formerly hidden parts
of the table become visible while others become occluded. The framework adds
the newly visible parts to the layer as described in section 4.6.1. This completing
of the layer over time can be understood by regarding the second column of Fig.
6.4. At frame 84, the layer contains all parts of the table since all of them had
been visible for some time.

Note that the layer does not fit directly to the later frames since the camera
position changed over time. However, the transformation of the table’s appear-
ance in the frame is tracked by the framework so that the layer can always be

1available at http://www.blender.org/
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(a) Frame 1 (b) Frame 21 (c) Frame 41

(d) Frame 61 (e) Frame 84 (f) (Frame 104)

Figure 6.2: Original images of sequence “Moving Camera” (6 of 104 frames are
shown). Parts of the table are occluded by the box in the foreground but become
visible while camera and box are moving.
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(c) Frame 84

Figure 6.3: Lines of segment 47 (table) in “Moving Camera” (small selection
of frames). The lines (blue and yellow) in frame 1 that border on the box are
recognized as “wrong” and ignored in the later frames (see section 4.8.1 for
details).
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mapped to the current frame. Since the four boundary lines (obtained as de-
scribed in section 4.4) of the table are visible over the whole sequence (Fig. 6.3),
the framework can maintain the “skipping mode” (see section 4.8.2) and yield a
good tracking of the table. The mapping of the layer to each frame is shown in
the third column of Fig. 6.4. It obviously contains the same data as the layer
but matches the perspective of the particular frame.

By mapping the layer to the frame, the framework has a memory of known
but currently invisible parts of the table. Note that the table is never completely
visible in one frame, there are always parts occluded by the box. However, the
layer mapped to the frame gives information about the whole table based on what
has been visible before.

6.2 Re-merging Split Segments

The “splitting problem” has been considered in section 5.1. In the current work,
the performance of the framework on three artificial sequences and one real image
sequence are now presented.

6.2.1 “Artificial Splitting 1”

The artificial sequence “Artificial Splitting 1” shows segment 3 moving over 2 so
that the latter splits up into 2 and 4. The goal is to recognize that 4 is just a
split part of 2 and, accordingly, label it back.

The sequence and the results are shown in Fig. 6.5. In the first frame,
layers are created for the two rectangular segments and the background. In the
next frames, the segments are tracked so that the layers can be mapped to the
frames. Since those mappings are erroneous, the covariances of the estimated
transformations are computed as described in section 4.10. Fig. 6.6 shows the
expected deviations for some frames. For the frames 1-11, all boundary lines of
segment 2 are visible so that the framework can compute its transformation in
“skipping mode”. Hence, the expected deviation of the transformed pixels of the
layer keeps constant around ±1.

However, the splitting of segment 2 in frame 12 ends the “skipping mode”
since only three lines remain. Consequently, from this frame on, the transfor-
mation is computed by also taking optical flow into account. The area of low
deviation reduces to the still visible parts of the segment (see Fig. 6.6, frame
12). Thus, when mapping the whole layer 2 to the frame, the hidden part’s pixels
are transformed with a relatively high expected deviation.

The reason for mapping the layer to the frame is to obtain the region where
the split part (in this case given by segment 4) can be found. As described in
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Figure 6.4: Results of sequence “Moving Camera”. The framework completes
the layer of the table segment 47 when formerly occluded parts become visible.
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Figure 6.5: Results of sequence “Artificial Splitting 1”. Segment 2 splits up into
2 and 4 in frame 12, the framework labels it back later when the splitting is
recognized.
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(b) Frame 9
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(c) Frame 12

Figure 6.6: Development of the expected deviations
√
σ2

x + σ2
y of segment 2 (sec-

ond row) in “Artificial Splitting 1”. As long as its boundary lines are completely
visible, the expected deviation is low (ca. ±1). When the splitting occures in
frame 12, the deviation in the hidden region increases as the framework switchs
back to “successive mode” since only three lines are available (see first row).

section 5.1, the deviation estimate is used to increase this region to make sure that
the split segment matches. Fig. 6.7 shows, for frame 12, a comparison between
the normal mapping of the layer and the mapping that takes the deviation into
account. It is easy to see that the latter enlarges the layer in the hidden parts.

From Fig. 6.5 can be seen that segment 4 is correctly labeled back to 2 for
the rest of the sequence. This relabeling takes places in frame 13, one frame
after the new segment was found in frame 12. As described in section 5.1, the
relabeling is done after checking whether the movements of 2 and 4 match. For
that reason, at least one further frame after the actual splitting has to be awaited
until a confident decision can be made by the framework. Note that 4 could also
be wrongly matched with the background 1 as its layer also covers the position
of 4. However, since 1 does not move contrary to 4, they are not mismatched by
the framework.

Last thing to mention is that the depth relations of the segments are estab-
lished as “3 above 1” (in frame 3) and “3 above 2” (in frame 8). This is done
by analyzing the segment’s movements as described in section 4.7. However,
this information is not needed here since no “wrong lines” (see section 4.8.1) are
present for segment 2 or 3. (For the background segment 1, there are wrong lines
but a presentation of results for segment 1 is left out here since nothing special
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Figure 6.7: Mapping of L2 to Frame 12. (a) shows the normal mapping. In
(b) the expected deviation is taken into account – the area is expanded by 2σ as
described in section 5.1.

could be seen.)

6.2.2 “Artificial Splitting 2”

The sequence “Artificial Splitting 2” is similar to the previous sequence. The
difference is that segment 3 moves behind 2 and is split up into 3 and 4 when
it comes out at the other side of 2. The results are shown in Fig. 6.8. The
framework correctly labels 4 back to 3. The depth relations of the segments
are established to “3 above 1” (in frame 3), “2 above 3” (in frame 5), and “2
above 1” (in frame 5) where the latter is obtained by logic (see section 4.7.3).

6.2.3 “Artificial Splitting 3”

The sequence “Artificial Splitting 3” involves a rotation of the split segment but
is otherwise similar to the previous sequence. The results are given in Fig. 6.9.

Fig. 6.10 shows the lines found for segment 3. The line at the border to
segment 2 in frame 10 is removed since 2 is in the foreground: In frame 6,
where 2 and 3 start to touch, the bordering line is removed according to section
4.8.1, “Touching of Segments”. In the following frames, their depth relation is
recognized as “2 above 3” (in frame 8) so that this line is always ignored (see
4.8.1, “Occlusion of Segments”). The other depth relations are established as
“3 above 1” (in frame 3) and “2 above 1” (in frame 8 by logic).

6.2.4 “Real Splitting”

After the previous artificial examples, the framework’s resolving the “splitting
problem” is now shown on a real image sequence. A selection of the original



6.2. RE-MERGING SPLIT SEGMENTS 125

0 50 100 150 200 250 300 350

0

50

100

150

200

250

(a) Frame 1 −→ L1 L2 L3

0 50 100 150 200 250 300 350

0

50

100

150

200

250

(b) Frame 5 −→
0 50 100 150 200 250 300 350

0

50

100

150

200

250

L2 (mapped/prob.)

0 50 100 150 200 250 300 350

0

50

100

150

200

250

L3 (mapped/prob.)

0 50 100 150 200 250 300 350

0

50

100

150

200

250

(c) Frame 10 −→
0 50 100 150 200 250 300 350

0

50

100

150

200

250

L2 (mapped/prob.)

0 50 100 150 200 250 300 350

0

50

100

150

200

250

L3 (mapped/prob.)

0 50 100 150 200 250 300 350

0

50

100

150

200

250

(d) Frame 14 −→
0 50 100 150 200 250 300 350

0

50

100

150

200

250

L2 (mapped/prob.)

0 50 100 150 200 250 300 350

0

50

100

150

200

250

L3 (mapped/prob.)

0 50 100 150 200 250 300 350

0

50

100

150

200

250

(e) Frame 22 −→
0 50 100 150 200 250 300 350

0

50

100

150

200

250

L2 (mapped/prob.)

0 50 100 150 200 250 300 350

0

50

100

150

200

250

L3 (mapped/prob.)

Figure 6.8: Results of sequence “Artificial Splitting 2”. Segment 3 splits up into
3 and 4 in frame 10 when is comes out on the other side of 2. The framework
labels it back later when the splitting is recognized.
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Figure 6.9: Results of sequence “Artificial Splitting 3”. Segment 3 splits up into
3 and 4 in frame 11 when is comes out on the other side of 2. The framework
labels it back later when the splitting is recognized.
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(c) Frame 14

Figure 6.10: Lines of L3 in “Artificial Splitting 3”. The line bordering on the
foreground segment 2 in frame 10 is removed, as well as in all other frames
where 2 and 3 have the Touching relation.

images is shown in Fig. 6.11. The scene contains a box that is moved behind a
bottle. Regarding the segmentation in Fig. 6.13 it can be seen that the segments
91 and 167 belonging to the box (front and top side) are split by the bottle (107):
the new segments 308 and 484 appear in frame 32 respectively 47. Furthermore,
a part of the table (segment 36) is, from frame 29 on, represented by a second
segment 560, caused by the arm. The arm itself consists of many too small
segments which are ignored/removed by the framework. Since small segments
are often caused by noise and their homography estimation is poor in most cases,
the framework requires a segment to have 300 pixels as a minimum size.

As described, in this single sequence the “splitting problem” occures three
times and the framework is able to resolve all of them. For an easier understand-
ing, Fig. 6.12 shows the important frames scaled-up. It can be seen that that
segment 308 is labeled back to 167 in frame 41, 560 back to 36 in frame 49 and
484 to 92 in frame 57.

Fig. 6.13 shows the layers of the sequence and their mapping to the frames.
For segment 167 the boundary lines are shown in the fifth column. It can be seen
that the right line which borders on the bottle (107) is present only in the first,
but not in the later frames, because the framework recognizes it as a “wrong
line”. Since both segments are already touching in the first frame, the line’s
incorrectness is recognized by RANSAC (section 4.8.1, “RANSAC”) and not by
the method “Touching of Segments” (also in section 4.8.1).

The depth relations of the main acting segments are recognized as “92 above
36”, “167 above 36”, “107 above 92” and “107 above 167”, all in frame 9. By
logic, “107 above 36” is derived. Furthermore, “92 above 2”, “167 above 2” and
“18 above 23” is obtained, where 2 and 23 are parts of the floor and 18 is a part
of the person holding the box. Since the movements in this sequence are very
slow (compared to those in the artificial ones), the depth relations are checked
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(a) Frame 1 (b) Frame 14 (c) Frame 29

(d) Frame 32 (e) Frame 41 (f) Frame 47

(g) Frame 49 (h) Frame 57 (i) Frame 78

(j) Frame 106 (k) (Frame 120) (l) (Frame 126)

Figure 6.11: Original images of sequence “Real Splitting” (12 of 126 frames are
shown). The box is moved behind the bottle.

only every 8-th frame. That is why the relations are recognized in frame 9.

The last column in Fig. 6.13 shows the development of the covariances of
layer 167. As it moves behind the bottle the region with low deviation shrinks,
and becomes larger from frame 46 on, when its part on the right side is re-merged.

The expected covariance of 92 also increases when it moves behind 107. For
that reason, its mapping (second column in Fig. 6.13) grows a lot on the right
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Figure 6.12: Segments of sequence “Real Splitting” scaled up. One part of
the table, given by segment 36, is represented by the extra segment 560. The
framework relabels it in frame 49. The same happens to 308 in frame 41 and
484 in 57.

side. Since 92 is a relatively small segment, the deformation is large. It can be
said that the size of segment 92 defines the minimum size for the framework to
perform well.

In frame 57, a transformation error occurs because the optical flow data
seems not to match well enough with the line data. In such a case, a new layer
is created and the covariance (last column) is also reset. Although errors like
that are obviously not desired, they are only critical when they occur together
with a “splitting problem” which eventually cannot be resolved in that case.
When a layer is recreated, the data of the last frame is copied assuming that the
movement to the current frame is little. By that, loss of data is minimized since
hidden parts of the layer are preserved. However, such a problem did not occur
in the tested sequences.
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Figure 6.13: Results of sequence “Real Splitting”. The segments 36, 92 and 167
are split into two segments due to occlusion. The framework recognizes this and
labels them back.
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Figure 6.13 (continuation from left page)
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Figure 6.13 (continuation): Results of sequence “Real Splitting”. The segments
36, 92 and 167 are split into two segments due to occlusion. The framework
recognizes this and labels them back.
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Figure 6.13 (continuation from left page)
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6.3 Tracking Hidden Segments

In section 5.2 it was described how the framework finds correlations of segments
in order to track hidden segments. This was called the “binding problem”. In
this section, the performance of the framework on an artificial sequence and a
real image sequence are presented.

6.3.1 “Artificial Box”

The sequence “Artificial Box” shows a box. Its initially visible surfaces have the
segment numbers 3, 5 and 6 as can be seen in Fig. 3.15 (continuation). In frame
6, segment 3 becomes occluded as the box rotates. Furthermore, in a later frame,
a new segment with number 2 appears. However, when the box rotates back the
surface that was formerly represented by segment 3 reappears as segment 4. The
goal is to relabel 4 back to 3 which is achieved in frame 20 with both methods
proposed in sections 5.2.1 and 5.2.2.

Line-based Method

As described in section 5.2.1, the first method for determining the correlations
of segment pairs is based on boundary lines which are shown in Fig. 6.14. First,
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Figure 6.14: Lines of segments 3, 5 and 6 in Frame 4 that are used by the
line-based method to create Alignment Points for segment pairs.

the common line of each segment pair has to be established, then the Alignment
Points (AP) are created on that line. Fig. 6.16 shows those points for frames 4
and 19. Common APs have the same color. The error bars indicate their expected
deviation during the transformation. Since each layer has its own transformation
(and consequently its own error estimate), common APs have different error
estimates. In frame 19 where layer 3 is still invisible (it was not relabeled yet),
the APs are used to compute its transformation.
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Figure 6.15: Results for sequence “Artificial Box”. The side of the box repre-
sented by segment 3 vanishes and reappears as 4. The framework recognizes this
and labels it back to 3 in frame 20.
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Figure 6.15 (continuation): Results for sequence “Artificial Box”. The side of
the box represented by segment 3 vanishes and reappears as 4. The framework
recognizes this and labels it back to 3 in frame 20.

Regarding the expected deviation of the pixels (last column in Fig. 3.15
(continuation), frame 19), it can be seen that the area of low deviation ranges
around the borders to segment 5 and 6, exactly where the alignment points are
located.

Homography-based Method

The second method completely relies on the homography transformations as
described in section 5.2.2. The APs obtained by that method are shown in Fig.
6.17 for frame 4 and 19. It can be seen, that some APs are being deleted in the
shown frames since they were recognized as wrong. Furthermore, at frame 4, no
APs between 5 and 6 have been found yet since their common boundary have
moved relatively few.

These observations show that the second method is able to establish good
alignment points without using lines. The found points in Fig. 6.17 lie on
the segment’s borders which can be understood as ground truth in this case.
However, as the method takes the transformation, hence the movements of the
segments into account, the APs cannot be established until a large movement is
observed. Comparing Fig. 6.16(b,c) and Fig. 6.17(b,c), it can be seen that the
homography-based method, contrary to the line-based method, did not recognize
the correlation between the segments 5 and 6 until frame 4. However, as the
box moves further, the correlation is recognized as can be seen in Fig. 6.17(e,f)
where corresponding APs are present. Note, that this is just a further compar-
ison between both methods, but keep in mind that a correlation between those
segments is not needed to solve the binding problem involved with segment 3
which occurs in this sequence.
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Figure 6.16: Result of the line-based method. Alignment Points of L3, L5 and
L6 in Frame 4 (a-c) and Frame 19 (d-f) of sequence “Artificial Box”.
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Figure 6.17: Result of the homography-based method. Alignment Points of L3,
L5 and L6 in Frame 4 (a-c) and Frame 19 (d-f) of sequence “Artificial Box”.
Points displayed as “×” have just been recognized as wrong and deleted.
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6.3.2 “Real Box”

The same box which was used to create the sequence “Real Splitting” is now
rotated just like the artificial box in the previous section. A selection of the
frames can be seen in Fig. 6.18.

(a) Frame 1 (b) Frame 16 (c) Frame 27

(d) Frame 54 (e) Frame 72 (f) Frame 81

(g) Frame 99 (h) (Frame 109) (i) (Frame 119)

Figure 6.18: Original images of Sequence “Real Box” (9 of 119 frames are
shown). The box is rotated so that the front side vanishes (in frame 27) and
reappears (in frame 72).

The segmentation and the results are shown in Fig. 3.19 (continuation). The
front side of the box is represented by segment 244. In frame 27, is becomes
occluded as the box rotates. In frame 72, it reappears as segment 9342.

Line-based Method

Using the line-based method, the segment is correctly labeled back to 244 in
frame 81. Fig. 6.20 shows the lines found in frame 16. The APs of the box’s
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Figure 6.19: Results of sequence “Real Box”. Segment 244 becomes occluded
and reappears as 7247 during the roation of the box. The framework relabels it
back correctly.
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Figure 6.19 (continuation from left page)
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Figure 6.19 (continuation): Results of sequence “Real Box”. Segment 244 be-
comes occluded and reappears as 7247 during the roation of the box. The frame-
work relabels it back correctly.

segments are shown in Fig. 6.21. The expected deviations of the layer pixels
of layer 244 are shown in the last column of Fig. 3.19 (continuation). In the
frames where the segment is invisible, the covariance is very high (frames 27-72).
The reason for that is that the alignment points are almost in one line in this
position of the box. However, when the box rotates back, the accuracy of the
transformation improves (frame 81). The fourth column shows the layer mapped
to the frames by taking the deviation into account, while the fifth row shows the
ordinary transformation (analog to Fig. 6.7). It can be seen by comparing it to
the segment (first row) that the latter is fine for all frames. However, the former
has a strong distortion which shows that the expected deviation is estimated very
pessimistically. This issue could be resolved by adding more APs since the number
of points used to compute a transformation affects the precision. However, it is
better to over-estimate the errors and obtain a larger region where the occluded
segment can be found, than under-estimating the deviations. Problems might
arise when several hidden segments have to be matched and some of them fall
into the same range. On the other hand, since the segment’s movements are taken
into account when matching a hidden segment (see section 5.2.2), mismatches
caused by this should not occur.
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Figure 6.19 (continuation from left page)

Homography-based Method

The APs created by the homography-based method are shown in Fig. 6.22 for
frame 16. It can be seen that points have been created for the segment pair
(127, 244), but not for (244, 7247). Hence, no correlation between 244 and 7247
could be established before 244 disappears. As a consequence, it cannot be
tracked while it is hidden. The reason why the algorithm fails in this sequence is
that segment 7247 seems to be quite noisy. Also note, that, due to the unstable
boundary, the line-based method did not recognize the common line between
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Figure 6.20: Lines of segments 127, 244 and 7247 in Frame 16 that are used
by the line-based method to create Alignment Points for segment pairs.
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Figure 6.21: Alignment Points in
Frame 16 obtained with the line-
based method.
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Figure 6.22: Alignment Points
in Frame 16 obtained with the
homography-based method.
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127 and 7247 so that no common APs could be created neither in Fig. 6.21.
(This, however, was not a problem in the previous section since they are not
needed as both segments do not vanish during the sequence.) As a consequence,
the transformation is estimated with errors and the correlation is not found.
This might be resolved by increasing the maximal distance of eigenvalues (see
section 5.2.2), but this might lead to wrong correlations with other segments.
To summarize, the homography-based method is still experimental and needs
improvement which would have exceeded this work. However, since the APs
between 127 and 244 have been recognized correctly in this real image sequence
and since the method succeeded in the artificial sequence, it can be said that it
goes into the right direction.
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Chapter 7

Conclusion and Outlook

7.1 Conclusion

In this thesis, a framework has been proposed that enriches raw image segmen-
tation with object permanence. The problem of segment splits is safely resolved
and the labels of formerly occluded segments are restored if a correlation with
other segments had been established before the occlusion occurred. Additionally,
the assignment of a set of segments to one object is ensured. On top of that,
real object boundaries are extracted by explicitly handling occlusions of segments
and deriving their depth relations.

One of the greatest achievements is that the whole system is model-free.
Although small segments, which are most probably caused by noise, are removed,
there is no conceptual limitation for segments being handled by the system. This
makes it applicable for tracking tasks in which a prior selection of objects of
interest is not possible, e.g. because (automatically) establishing these objects is
the actual task or at least one part of it. As an example, action recognition can
be mentioned which aims at handling actions with arbitrary objects (see section
2.1). For this particular high level task, the proposed framework also creates
an abstract scene description for each frame given by the spatial relations of the
segments which are then used to build a graph. Although that kind of description
is very simple, quite promising results have been achieved as shown in Aksoy et
al. [3].

Concerning occlusions, the proposed framework shows two following key dif-
ferences in comparison to other tracking methods (e.g. [20, 34]): (a) The frame-
work provides a position of each hidden segment during the occlusion instead
of “only” identifying it when it reappears. (b) The framework not only tracks
a position in terms of x- and y-coordinates of each object but also considers its
perspective appearances on the image plane, however, without the use of complex

147
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3D reconstruction. For that purpose, this work has taken good care of obtaining
precise homography estimations from point and line correspondences. Conse-
quently, the segments’ shapes and their temporal transformations were used as
the only measurement for segment similarity which was used to match new seg-
ments with hidden tracked segments. Nonetheless, adding other measurements
such as color should enhance the performance even more (see section 7.2). Be-
sides these distinctions in the performance, there is, to the author’s knowledge,
no similar work which uses a layer-based approach together with homography
estimation to provide object permanence in image segments.

The proposed framework not only provides a method for tracking and an
abstract scene description but also a memory which is essential for object per-
manence. Besides updating the memory when new data is available, the system
likewise removes data that turns out to be wrong. Although this might sound
trivial, teaching robots how to forget is also an important issue.

The performance of the framework has been shown in three image sequences
that have been recorded with a camera, and four artificial sequences, which, all
together, cover the typical constellations related to splitting and binding problems.
In order to present statistics on the accuracy and reliability of the system, more
videos would have had to be analyzed. Even though the framework synthesizes
abstract scene descriptions and is able to ensure object permanence, this work
is only concerned with permanence issues in videos which do not include actions
that could be analyzed by the action recognition algorithm. In other words, the
permanence problem has been separated from the scene description task. (On
the contrary, in Aksoy et al. [3] only sequences without permanence issues but
with actions are shown.)

This is due to the fact that the used image segmentation algorithm in its
current version has problems with occlusions and the appearance of new objects.
These problems arise from its highly parallel implementation which is optimized
for real-time. Note that the proposed framework requires the image segmenta-
tion to provide unique segment labels. If this is not the case as in Fig. 7.1,
it is not able to distinguish them. Since the image segmentation is an external
module, this is not a shortcoming of the proposed framework and therefore could
either be solved by improving the algorithm in this specific area or by bringing in
another algorithm. In conclusion, it can be said that since usable segmentation
results where difficult to create, the movies shown in this thesis are rather simple
and focus on the issue of permanence. In section 7.2, an idea is given how the
proposed framework could help to solve the segmentation problems mentioned
above.
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(a) Frame n... (b) ...and segments, (c) frame n+m... (d) ...and segments.

Figure 7.1: Example where the used segmentation algorithm fails: The reappear-
ing front side of the box and the table’s surface have the same label, indicated
by their identical colors in (d).

7.2 Outlook

There are already various ideas to improve the framework’s performance on the
one hand and for extending it by additional capabilities on the other hand.

An essential part of this work is the estimation of homography matrices. At
first, only point correspondences between subsequent frames (in form of optical
flow) have been used since they are also needed by the segmentation algorithm.
Hence, the flow data can be used without additional computational cost. In
order to increase the accuracy, line correspondences have been added later. Not
only the fact that lines are in general more accurate than single points, but
also the possibility of computing the transformation between arbitrary (and not
only subsequent) frames is a big advantage. The latter proceeding had been
called “skipping mode” in this thesis. However, the system only benefits of that
mechanism when treating angular segments while arbitrarily shaped segments can
still only be tracked from frame to frame using optical flow (“successive mode”).
To overcome this limitation, the framework would have to be extended by using
feature points, e.g. SIFT features [28]. The proposed framework can easily
be modified to use that kind of point correspondences in “skipping mode” and
would then be able to track arbitrarily shaped segments with a similar precision
like angular segments.

The obtained transformation matrices could also be used to enrich the ab-
stract scene description. Currently, the graphs only contain the spatial relations
of segments and the description of the image sequence arises from their develop-
ment over time. However, some actions cannot be covered by that, e.g. turning
or shaking an object, since its movement is the essential hint and not its relation
to another object. The estimated homographies could be used to capture such
movements. A similar approach was shown by Shen et al. [39] where homogra-
phies are used to recognize human motion patterns.
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While the homography estimation offers many opportunities, it is also the
most noise-prone part of the proposed framework. For that reason, the estimation
of expected deviation has been included. However, it only covers uncertainties
originating from the pixel configuration with respect to the hidden parts of the
layers. It does not cover errors that are caused by the fact that the observations
in the form of the image segments are erroneous. Methods like Kalman filtering
could be used to overcome this problem, similar to the work of Klappstein et
al. [25]. Currently, errors are only treated by the use of RANSAC to recognize
outliers, and thresholds. However, e.g. the establishing of alignment points for
finding segment correlations has serious problems with imprecise homography
estimations as had been shown in the results. Further work is definitely needed
here for the system to become more robust.

(a) Frame 1 (b) Frame 30 (c) Frame 120 (d) Frame 150

Figure 7.2: Original images and segments of sequence “Shell Game”. The small
box is put over the ball which becomes invisible by that. After moving the box
and lifting it up again, the ball reappears but with a new segment number.

Another open issue is the recognition of correlations of already hidden objects.
Currently, alignment points are created for visible segment pairs which seem to
belong to the same object. Fig. 7.2 shows an example where the correlation of
two segments cannot be observed before the occlusion, since the occlusion causes
the correlation. Hence, the creation of alignment points has to be extended by
a “guessing” method which finds an explanation for the fact that the ball is still
invisible when the box moves to the left. Based on the experience that hidden
objects keep in the region of their occluder (proposed by Huang et al. [20]), the
proposed framework can be extended to achieve this goal.

The use of alignment points allows for tracking hidden segments during the
occlusion. The framework’s matching of these segments with newly appeared
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segments requires them to be at the exact same position (with respect to the
estimated deviation). The previously mentioned “guessing” of alignment points
has to take into account that the hidden segment might not move in a perfectly
correlated way: Regarding Fig. 7.2 it is easy to see that the ball has some freedom
within the box. Hence, it might not be at the exact predicted position when the
box moves up.

This fact becomes even more critical when more than one ball is caught by
the box. While they are hidden, it is not possible to tell in advance in which
configuration they will be when they become visible again. For that purpose,
additional similarity measurements for segments might be helpful, e.g. color.
This can be done either by storing a color distribution for each segment or by
saving colored pixels in the layers.

The tracking of segments during the occlusion has obvious advantages for
tasks which require their more or less precise positions all the time. However,
besides that, the segmentation of the image sequence itself could be improved by
implementing a feedback mechanism. Segmentation problems as shown in Fig.
7.1 only occur during the sequence but not in the initial frame. This is due to its
optimization for real-time: The segmentation of the first frame takes relatively
long while all subsequent frames are processed very quickly. Preventing errors like
those shown could be done by performing a re-segmentation every few frames
but this would increase the processing time. Instead of that, using the proposed
layer framework, the regions in which a re-segmentation might be needed could
be predicted: they correspond to the hidden segments (like the front side of the
box). By that, only small parts of the image would have to be re-segmented.

For an increase of performance, this obviously requires that the proposed
framework works in real-time which is not the case at the moment. It is pro-
grammed in Python and needs some seconds for each frame. However, the main
computational effort is needed for the transformation of the layers, which can be
done very quickly by the use of GPUs. The author is very optimistic that the
proposed algorithms can be used to build a real-time system that, together with
the used real-time segmentation algorithm, provides object permanence in image
segments.
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[11] C. Eckes and J. C. Vorbrüggen. Combining data-driven and model-based
cues for segmentation of video sequences. World Congress on Neural
Networks, San Diego, 1996.

[12] A. Elgammal and L. S. Davis. Probabilistic framework for segmenting peo-
ple under occlusion. In In Proc. of IEEE 8th International Conference on
Computer Vision, pages 145–152, 2001.

[13] M. A. Fischler and R. C. Bolles. Random sample consensus: a paradigm for
model fitting with applications to image analysis and automated cartogra-
phy. Commun. ACM, 24(6):381–395, June 1981.

[14] D. Geman and S. Geman. Stochastic relaxation, gibbs distributions, and
the bayesian restoration of images. IEEE Trans. Pattern Anal. Mach. Intell.,
31(6):721–741, 1984.

[15] I. Haritaoglu, D. Harwood, and L. S. Davis. Who? when? where? what?
In in 2.5 D In Eurepean Conference on Computer Vision, pages 877–892,
1998.

[16] I. Haritaoglu, D. Harwood, and L. S. Davis. Hydra: multiple people detection
and tracking using silhouettes. In Image Analysis and Processing, 1999.
Proceedings. International Conference on, pages 280–285, 1999.

[17] R. I. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision.
Cambridge University Press, ISBN: 0521540518, second edition, 2004.

[18] H. B. Helbig, J. Steinwender, M. Graf, and Kiefer. Action observation can
prime visual object recognition. experimental brain research. 200(3-4):251–
258, 2010.

[19] P. Hough. Method and means for recognizing complex patterns. U.S. Patent
3069654, 1962.

[20] Y. Huang and I. Essa. Tracking multiple objects through occlusions. In
Proceedings of the 2005 IEEE Computer Society Conference on Computer
Vision and Pattern Recognition (CVPR’05) - Volume 2 - Volume 02, CVPR
’05, pages 1051–1058, Washington, DC, USA, 2005. IEEE Computer Soci-
ety.

[21] E. Ising. Beitrag zur Theorie des Ferromagnetismus. Z. Phys., 31:253–258,
1925.

[22] N. Jojic and B. J. Frey. Learning flexible sprites in video layers. In In CVPR,
pages 199–206, 2001.

[23] S. Khan and M. Shah. Tracking people in presence of occlusion. In In Asian
Conference on Computer Vision, pages 1132–1137, 2000.



BIBLIOGRAPHY 155

[24] H. Kjellstrom, J. Romero, and D. Kragic. Simultaneous visual recognition
of manipulation actions and manipulated objects. European Conference on
Computer Vision, 2008.

[25] J. Klappstein, F. Stein, and U. Franke. Applying kalman filtering to road
homography estimation. Workshop on Planning Perception and Navigation
for Intelligent Vehicles, 2007.

[26] D. Koller, J. Weber, and J. Malik. Robust multiple car tracking with oc-
clusion reasoning. Technical Report UCB/CSD-93-780, EECS Department,
University of California, Berkeley, Nov 1993.
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